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In this paper the authors present an analysis about the influences of the non-linear type stiffness on the 
dynamic behaviour of the anti-vibrational and anti-seismical passive isolation equipments, with the 
impact on the dynamic performances of these protection systems. Also, it was analyse and evaluate the 
static and dynamic characteristics of these systems because it is very important to protect both the 
human resources, and the equipments, against vibratory pollution or seismical waves.  

 
 
 
 
1. INTRODUCTION 
 
 The actual researches for finding optimal 
anti-seismic an anti-vibrational protection 
solutions are straightening to the few areas of 
activity: the first area of research is the base 
isolation of buildings or theirs parts, against the 
vibrations and earthquake actions. The second 
area of activity, in anti-seismic protection domain, 
is the isolation of vital equipments of public 
buildings endowment, against the seismic waves 
or disturbing vibrational movements. 
 All the systems achieved and used for 
passive anti-seismic and anti-vibrational 
protection of vital equipments, until present, are 
characterized both through the elastic 
performances according to obtain necesary eigen 
frecquency (lowest values) on direction of 
dynamic degrees of freedom, and through the 
dissipative performancies so that the energy 
damping should substantial decrease the shock 
impact on the seismical wave direction. 
 In essence,  anti-seismic systems are based 
on suitable ensembling of individual elements or 
sub-systems, with proper elastic and damping 
characteristics, so that at standard dynamic loads 
spectral composition should be avoid the 
resonance dangerous phenomenon. 
 One way of characterize this systems is the 
isolation degree. In this work  the authors treat the 
problem of seismic isolation for vital equipments 
from public building endowment, using a new and 
innovator anti-seismic leaning system. One of the 
proposed scope of this entire research is obtaining 
the isolation degree values over the 90%. 
 

  
 In this paper are treats only one passive type 
of  isolation system. The working principle of this 
systems are based on the elastic capability of the 
rubber elastic elements to assume the exciting 
loads energy and transforming it into the potential 
energy. In figure 1 it is presented a 3D model of 
the anti-vibrational system that will be analysed in 
this paper. 
 

 

 
Figure 1. Anti-vibrational passive elastic system 
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2. MATHEMATICAL MODEL 
 
 Taking into account the design mode of the 
proposed system and the working profile, it can 
be adopted the next hypothesis: the numerical 
analysis will be maded with consider only the 
plane movements (in transverse plane of the 
system): deplacements along the Oy axis and 
angular deplacements along the center of gravity 
of masses m1 and m2. Thus, in figure 2 it is 
presented the physical model. 
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Figure 2. Physical model of anti-vibrational system 
 
 For write the characteristic equations of this 
model that considered the next arrays: matrix of 
the inertial characteristics M, generalized 
movements vector q, the stiffness matrix K and 
external loads vector L, with the next forms: 
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where 
a = distances between the gravity center and the 
springs, along the Ox axis; 
b = distance between the application point of the  
external force and the Oy axis; 
J1, J2 = the moments of inertia of the isolated 
system and the base (isolators included); 
k1, k2 = stiffness constants of the springs; 
m1, m2 = the masses of the isolated system and 
the base (isolators included); 
P = concentrated external force; 
ϕ1, ϕ2 = angular degree of freedom for the 
isolated system and the base. 
 With this notations the mathematical model 
of the system presented in Figure 2, are 
 

LqKqM =+&&                       (5) 
 
 From eq. (3) it can be observed that both 
the system equations are coupled, and for 
separating them it must accomplish the next 
condition: 
 

k1 = k2 = k                         (6) 
 
 The authors considered that even all the 
elastic elements have the same type and operting 
caracteristic, in the real mode it could be 
differents, and of this motive, the link between the 
two variable k1 and k2 are: 
 

α=α= k1k2k                   (7) 
 
where α is the geometric non-linearity coefficient. 
 The values k1 and k2 of the stiffness have 
constant values, but in real mode, the behaviour of 
the materials not respect the Hooke's law. With 
the other words, in real mode, the elastic element 
from system structure, have a non-linear 
characteristic. In this study, based on the 
experimental analysis for used elastic elements, 
the authors consider that this characteristic could 
be write: 
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or, the elastic force 
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 For numerical simulation the dynamic 
behaviour of the proposed anti-vibrational system 
it was taken two case of external loads: 

 first case is an harmonical force with 
constant magnitude and frequency 
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 second case is an seismical wave type, with 

time length about 3,5 sec 
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3. NUMERICAL SIMULATION 
 
 In figure 3 it is presented the diagram for 
the seismical wave form of the exciting force. 
 

Figure 3. Time evolution of a seismical wave 
 
 For numerical simulation of the dynamic 
behaviour, the authors using the next values for 
the constants that appear in the mathematical 
model (Table 1). 
 In the Figures 4, 5, 6 it is presented a set of 
diagrams for the vertical deplacement - a - and of 
the angular movement of the gravity center - b, 
with considering the case of the seismical wave 
form load (eq. 11). The difference between the 
three cases consist from the k1 value. 
 It was presented the same type of 
deplacement in the same diagram, thus: thick line 

for y1(t), respective ϕ1(t), and sleazy line for 
y2(t), respective ϕ2(t). 
 
Table 1. Numerical values of the model. 

constant 
name value units 

mass - m1 100 kg 
moment of 
inertia - J1 10000 kgm2 

mass - m2 500 kg 
moment of 
inertia - J2 200000 kgm2 

distance - a 1 m 
distance - b 1 m 
coefficient α 2 - 
stiffness - k1 100...10000 N/m 

 
 Certainly that the signal of mass m2, where 
it was applied the external force, have 
approximate the same movement like seismical 
wave, but it could be viewed that the mass m1 
deplacements are strongly influenced by the k1 
and k2 stiffness values. At one time with 
increasing the stiffness values, growing the 
relative magnitude of the y2(t), respective ϕ2(t) 
signals (Figure 6). 
 

(a) 

 
(b) 

Figure 4. System deplacements for k1=100N/m 
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(a) 

 
(b) 

Figure 5. System deplacements for k1=3000N/m 
 

(a) 

 
(b) 

Figure 6. System deplacements for k1=20000N/m 
 

 

(a) 

(b) 
Figure 7. System deplacements for k1=100N/m 

 

(a) 

(b) 
Figure 8. System deplacements for k1=3000N/m 
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(a) 

(b) 
Figure 9. System deplacements for k1=20000N/m 

 
 For the case (theoretical) of the harmonical 
type external load, the influences of the stiffness 
values could be observed in the Figures 7, 8 and 
9, for the same values like the previous case. 
 In the same manner, the deplacements of 
the mass m1 tracking the external signal shape, 
more better at the same time with the increasing 
the stiffness value. 
 

Figure 10. The influences of stiffness non-linearity 
about the system deplacements 
 

 The influences of the real stiffness 
characteristic (eq. 8) was analysed through 
consider the k' value constant and impose that the 
k'' stffness value have a variance between [0, 
20000] N/m3. 
 The numerical simulation for this analysis 
is presented in Figure 10. 
 Eigen values and eigen vectors for the 
presented system was computed with the 
expresion: 
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and was obtained the next values: 
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4. CONCLUDING REMARKS 
 
 This paper is a part of a large research study 
which consist from the analysis, both 
mathematical - numerical, and experimental, of 
anti-seismic and anti-vibrational passive isolation 
systems dynamic behaviour, taking into account 
the real characteristics of external loads and of 
rubber elements from the isolation system 
structure. The final scope of this study is to 
obtained all necessary information about this kind 
of passive isolation system, thus that, these could 
be used in any place where is imposed the need of 
protection against vibrations or seismic waves. 
  If this model will be tunned with existing 
experimental data, we could say that this physical 
and mathematical model are very useful for 
analysing the dynamic behaviour of the passive 
elastic isolation system against the nocive effects 
of the vibrations or seismical waves. And  
completed with a spectral analysis numerical 
routine, it getting very usefull for obtained exctly 
informations about the spectral composition of the 
y(t) and ϕ(t) signals. This informations help 
designers to avoid the dangerous phenomenon of 
resonance, that could be appear not only for the 
eigen value of system frequency, and for the high 
values of external loads frequencies that concur 
with the superior harmonics of the system. 
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