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Considerable effort is made in the last decades for a better understanding of long range propagation of 
ultrasonic waves. The guided waves, also known as Lamb waves are of increasing interest in technical 
applications such as weld or integrity non-destructive control. The present paper emphasizes the 
importance of a class of guided waves which are not propagating for long distances. These correspond 
to the so called evanescent waves, which decay relatively close to an existing discontinuity in the 
propagation path. These waves do not propagate energy but are of considerable importance in 
analytical approaches. Analysis of a Lamb wave reflection is investigated ignoring and the including 
the non-propagating waves in the model. 

 
____________________________________________________________________________________ 
 
 

1. INTRODUCTION 

In the last decades, mechanical parts of 
special importance are increasingly tested in order 
to verify the latest safety regulations. A thorough 
process of structural design and numerical 
simulation of the component in working conditions 
is the starting point in modern industrial 
production. The manufacturing technology follows 
the mechanical precision and structural properties 
as specified by the design. However there must be 
a confirmation that the imposed properties are 
correctly obtained. A large number of 
nondestructive evaluation techniques are currently 
available to the specialists. From X-rays, magnetic 
or rheological methods to ultrasounds, all having 
advantages and disadvantages.  

The ultrasonic methods are used for a few 
decades. Several now classical methods exist: A-
scan, B-scan, C-scan. These are direct methods, 
based on the pulse –echo principle. The time of 
flight of the acoustical signal gives information 
about the distance to the obstacle. The 
displacement of the transducer along the defect 
allows the sizing of the defect.  
Such methods are somewhat cumbersome for thin 
structures such as those used in aircraft or nuclear 
industry. The difficulty comes from the fact that 
multiple reflections exist between the two free 
surfaces of the planar structure, assumed in the 
following to be a plate. This is typical for a wave-
guide. Adding to this the fact that in solid 
structures exist two types of bulk waves, that is 

longitudinal and shear waves, the difficulty is even 
more obvious. The consequence is a strong 
dependence of the signal amplitude on the product 
frequency*thickness of the plate. There is 
however, a strong advantage of using waves 
propagating along the plate. The wave can 
propagate for long distances, bringing back to the 
receiver information about the presence and size of 
the defects.  

During the last decades, many researchers 
have investigated the properties of these guided 
waves. In the case of plates, these waves are called 
Lamb waves. Only after digital computers have 
reached a sufficient level of performance, the 
complete image of the Lamb waves has been 
revealed. These waves are primarily studied in 
infinite plates of constant thickness, made of 
homogeneous isotropic linear elastic material. 
Even in this simple case, the dispersion equation 
relating the wave number to the frequency shows 
considerable difficulty in finding the complex roots 
of the transcendental equation involved.  

The present paper refers to the non-
propagating waves in a plate. The name is related 
to the fact that such waves do not propagate energy 
for theoretical infinite distance. Practically the 
distance of complete attenuation of such waves is 
between one and a few tens of thicknesses of the 
plate. From a mathematical point of view, these 
waves have purely imaginary or complex wave 
numbers. The values of these wave numbers are 
obtained for materials of technical importance. The 
displacements and stress fields are investigated.  
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The orthogonality relation can be applied to 
these waves, but presents substantial differences 
compared with the propagating modes case. Then 
the importance of an accurate study of these waves 
is emphasized. Their role in correcting predicting 
the reflection/transmission coefficients at the free 
end of a plate is discussed. 
 

2. THEORETICAL ASPECTS 

2.1. Dispersion equation 
A plate of constant thickness 2h and infinite 

extent is considered (Figure 1). Material properties 
are ρ, E, ν, mass density, Young modulus and 
Poisson ratio, respectively. The fundamental two 
waves existing in a solid homogenous material, 
namely the longitudinal and the shear wave can 
interfere in a constructive manner, giving rise to a 
new class of waves called Lamb waves. The wave 

numbers of the longitudinal L
L

k
c
ω

= and 

respectively the shear wave T
T

k
c
ω

= , are defined 

at any angular frequency ω, for each bulk 
homogeneous material, once the two propagation 
velocities cL and cT have been measured. The 
Lamb waves verify the null stress condition on the 
two free surfaces of the plate.  

It can be proven [1],…,[ 6], that two classes 
of Lamb waves can simultaneously exist in a plate: 
symmetrical and antiymmetrical sometimes called 
skew-symmetrical. The symmetrical waves have a 
displacement pattern, which is symmetrical about 
the middle plane, where as the others have an skew 
symmetric al pattern. 

 

Figure 1. Geometrical data of the problem 
 

The stress free condition, leads to the so-
called dispersion equation, relating the wave 
number of individual waves to their respective 
frequency. The symmetric Lamb wave numbers kx 
are defined the following dispersion equation 
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In a similar manner the skew symmetric al 

wave numbers kx are the solutions of the following 
dispersion equation: 
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The following notations have been used 

2 2
Lz L xk k k= − , 2 2

Tz T xk k k= − . These quantities 
can be either real or imaginary, so that the two 
dispersion equations have in general complex wave 
numbers. In fact, a certain small number of real 
valued wave numbers exist for a given frequency, 
together with one or two purely imaginary wave 
numbers and an infinite number of complex wave 
numbers.  
 
2.2. Solution of the dispersion equation. 

It can be tested that if a complex root of the 
two dispersion equations is found, then the 
complex conjugate is also a solution and two 
others can be found by multiplying the previously 
mentioned ones by –1. From the four possible 
solutions, only those with positive imaginary parts 
will be selected. The explanation comes from the 
general expression of the wave fields. For the 
displacement field, for example, there are two 
functions of the through-thickness variable (z) and 
a propagation factor: 
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As it can bee seen only the positive 

imaginary parts correspond to exponentially 
decaying waves, which are the only physically 
acceptable for a propagation in the x>0 sub-
domain.  

Even if only the solutions with 
( )Re 0xk ≥ and ( )Im 0xk ≥ are required to be 

numerically determined, the problem remains 
difficult. Several existing techniques prove to be 
inadequate. For example, the problem can be 
treated as a system of two non-linear equations: 

( )Re 0sC = ; ( )Im 0sC = with two unknowns: 

( )Re xk , ( )Im xk . However famous numerical 
library of subroutines failed to give all the roots in 
a given complex domain.  
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A relatively simple and efficient method [2] 
is based on the following theorem [3]: if, inside a 
closed contour (Γ), a complex function of complex 
variable F(z) has nz simple zeros, the following 
integral allows to determine this number: 
 

 ( )( )1 1 ln ( ) .
2 ( ) 2 z

F z dz F z n
i F z iπ π Γ

Γ

′
= − = −∫�  (4) 

                                              
The sum of these nz zeros is given by: 
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A recurrent method allows one to obtain: 
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and, an integration by parts gives 
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In fact, only the terms ln ( )pz F z

Γ
⎡ ⎤⎣ ⎦  must 

be evaluated, for p=0,…,3. 
As an example, suppose that two complex 

roots are inside a certain contour (Γ2). Then only I1 
and I2 are required to find the zeros, as roots of 
equation:  
 

 ( )2 2
1 1 2

1I I I 0
2

z z− + − =  (8) 

 
An analytic solution also exist for three zeros 

inside (Γ1), but in this case it is better to divide the 
domain into smaller domains and to reiterate the 
procedure (Figure 2).  

As the two roots are obtained, smaller 
contours (Γ4 and Γ4) around each zero are 
necessary to improve the precision. 

A precision better than 0.01% in solution 
modulus can be obtained by numerical 
minimization of |F(z)|, the zeros found before 
being used to initialize the subroutine. 

 
Figure 2.  Integration paths used to locate complex 
roots 

The non-dimensional frequency 
T

h
c
ω

Ω =  is 

limited for most applications to 10, with a 
frequency step of 0.01 or less. The complex roots 
of the dispersion equations are searched in a 
rectangle of appropriate area, such that 10 to 20 
complex roots are located. 

Two Lamb waves have real wave numbers at 
any frequency. For the symmetrical class of waves 
this is denoted by S0, and the skew symmetric 
counterpart is called A0. 

The S0 and A0 modes correspond to the 
unique real root existing when Ω → 0, of their 
respectively dispersion equation. The others roots 
are assigned to modes S1, S2, … or A1, A2, … by 
the rule of shortest length path towards the real 
plane (Ω, Re(kx)).  

In general, complex roots are taken in pairs, 
with both positive and negative real parts and the 
same positive imaginary parts. If such complex 
roots with positive real parts, show a progressive 
reduction down to zero of the imaginary part with 
increasing frequency, then the given rule is 
applied. For example, wave numbers of modes S1 
and S2 become both real, at a given frequency 
called first cut-off frequency (Figure 3). The real 
wave number of mode S2 has to be negative just 
above the first cut-off frequency from the 
necessary condition of continuity. Therefore, it will 
have to follow a longer path than the S1 mode, to 
reach positive real values. The S1 mode has 
reached first the positive real values of the wave 
numbers with increasing frequency. The same 
happens with the A2 and A3 skew symmetric 
modes (Figure 4). 

If two such roots are progressively reducing 
their real parts with increasing frequency, at a 
certain value of the frequency they become 
identical and purely imaginary (E.g. modes S3 and 
S4).  As the frequency increases, one of these 
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Γ
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Γ

O
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modes has a reducing imaginary wave number, 
whereas the other has an increasing imaginary 
number. The first one will become real with 

increasing frequency before the other, getting thus 
the successive wave number. In this example S3 
follows a shorter path than S4. 

 

Figure 3. Solutions of the dispersion equation for symmetric Lamb waves in a steel layer. Branches of complex (-), 
imaginary (I above), real (•) values. 
 

Figure 4. Solutions of the dispersion equation for skew symmetric Lamb waves in a steel layer. Branches of 
complex (-), imaginary (I above), real (•) values. 
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In Fig.3 and Fig.4 are presented the first six 
Lamb modes as functions of the non-dimensional 
frequencyΩ, in the symmetric and five in the skew 
symmetric cases respectively. The complex values 
are marked by thin lines, the imaginary solutions 
are marked by the symbol “I” above and the real 
valued branches are overprinted with thick dots. 

It can be remarked the complicated evolution 
with increasing frequency of the wave numbers for 
some modes. Many aspects of this evolution have 
been investigated [9…13]. A typical evolution is 
that of the S2 wave number, which changes from 
complex to a negative real value, then to purely 
imaginary to become real at the so-called second 
cut-off frequency. A real and negative wave 
number corresponds to a “backward wave” which 
propagates energy in the opposite direction of the 
wave number. The very existence of such a wave 
in practical applications has been a challenge for 
specialists [14,15].  

An other case is that of purely imaginary 
waves (S2, S3, S4, S5 or A1, A3, A4). It such 
cases, although the mode does not propagate 
energy at infinite distance from the generation 
point, it can play an important role in energy 
balance for short distances. It is the case of 
inclusions in the homogeneous plate.  
 

3. NON-PROPAGATING WAVES 
DISPLACEMENT AND STRESS FIELDS 

The displacement produced by a Lamb 
mode, propagating in the x positive direction 
(Fig.1) can be written as: 
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in which the displacement on a cross-section of the 
layer is given by : 
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for a symmetric mode, and by : 
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for an skew symmetric  mode. 

The following notations have been used: 
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The stresses produced by a Lamb mode, 

propagating in the x positive direction can be 
written as: 
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in which the stresses on a cross-section of the layer 
is given by : 
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for a symmetric mode, and 
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for an skew symmetric  mode; 

The energy flux for a Lamb mode, 
propagating in the x > 0 direction, is defined [1,6]: 

 

 ( ) [ ], Re Re Re Re
h

n xx x zx z
h

W t u u dzω σ σ
−

= +∫% & &  (17) 

 
An equivalent form can be obtained: 
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For a periodic wave, the energy flux average may 
be written as : 
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Figure 5. Displacement field for the S0 S1 and S2 modes in steel 
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Figure 6. Displacement field for the A0, A1 and A2 modes in steel 

  

0 2 4
-4

-2

0

2

4
O

M
G

=
1

A0

0 0.5 1 1.5 2
-4

-2

0

2

4

z
/h

A1

0 0.5 1 1.5 2
-4

-2

0

2

4

z
/h

A2

0 1 2
-4

-2

0

2

4

O
M

G
=

2

0 2 4 6 8
-4

-2

0

2

4

z
/h

0 0.5 1 1.5 2
-4

-2

0

2

4

z
/h

0 0.5 1 1.5 2
-4

-2

0

2

4

O
M

G
=

3

0 1 2 3 4
-4

-2

0

2

4

z
/h

0 0.5 1 1.5 2
-4

-2

0

2

4

z
/h

0 0.5 1 1.5
-4

-2

0

2

4

O
M

G
=

4

x /h

0 1 2
-4

-2

0

2

4

z
/h

x /h

0 0.5 1 1.5 2
-4

-2

0

2

4

z
/h

x /h



 

68 

A better understanding of the propagation 
pattern of the first three modes in the symmetrical 
and respectively skew-symmetric case can be 
achieved by following the plots of these patterns. 
In Figure 5 are plotted the displacement patterns of 
the S0, S1 and S2 modes at Ω = 1; 2; 3; and 4. The 
S0 mode has real wave number at all frequencies. 
The pattern is plotted for a wavelength distance, 
which decreases with increasing frequency. The S1 
mode is complex for Ω = 1; 2 and real for Ω = 3; 4. 
The S2 mode has complex wave number for Ω = 1; 
2, an imaginary one for Ω = 3 and it becomes real 
for Ω = 4.  

The complex wave numbers indicate in the 
chosen examples, a strong attenuation along the 
plate. The S2 mode, at frequencies for which it has 
an imaginary wave number, shows a very slow or 
even imperceptible attenuation, posing serious 
challenges to investigators. 

The skew symmetric al A0 mode has a real 
wave number at all frequencies (Figure 6).  The A1 
mode has an imaginary wave number at Ω = 1 and 
this has a typical shape. At Ω = 2; 3; 4 its wave 
number is real and the pattern is plotted for a wave 
length distance. The A2 mode has complex wave 
numbers at all chosen frequencies. The 
displacement pattern changes however with 
increasing frequency. 
 

4. REFLECTION OF THE S0 MODE  

The problem of guided waves propagation in 
the presence of discontinuities represents a serious 
challenge for specialists. The apparently simple 
problem of wave reflection at the free edge of a 
plate poses numerous difficulties, especially due to 
mode conversion.  

An incident harmonic wave, of angular 
frequency ω, travels towards the x>0 direction 
reaching the edge of the layer, placed at x=0. The 
boundary conditions on the free edge are stresses 
free conditions and consequently, a reflected wave 
is generated.  

The incident wave can be an arbitrary 
function of the through-thickness z coordinate. In a 
plane strain approach, two stress components are 
thus generated at x=0: the normal and respectively 
the shear stresses. So, if we put in vector form the 
two components of the stress field the incident 
wave  
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with given Txx and Tzx arbitrary complex-value 
functions. The reflected stresses field can be 

written as a modal series of Lamb waves, where 
the amplitudes   are indeterminate coefficients: 
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The two stress components  acting on the 

x=0 surface, corresponding to each reflected Lamb 
mode of order n, are added forming thus an infinite 
modal series. Several methods exist to determine a 
given number of the reflected waves amplitudes. 
Following the variational approach presented in 
[17], the projection of the conjugate complex 
vector from eq.(22), on the displacement vector of 
the m-th Lamb mode, is integrated along the layer 
thickness: 
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The integral on right side of (23) can be 

considered as the reciprocal work between the 
Lamb modes n and m. The obtained infinite size 
algebraic system can be in some conditions 
truncated. The simplest idea is to keep only the 
terms associated with propagating modes existing 
at any frequency. The results are presented in 
Figure 7.  

Comparisons with available solutions show 
it is an unacceptable solution. A much better 
solution is obtained if 6 to 10 non-propagating 
modes are included in the stress series. The correct 
results are presented in Figure 8.  

Comparison between the two solutions 
indicate considerable differences in the predicted 
reflected energy of the S0 mode. In the low 
frequency range, where only the S0 mode is 
propagating, the entire incident energy must return 
in the reflected S0 mode. In Figure 7 the results are 
obviously wrong, but those shown in Figure 8 are 
clearly in agreement with the logical solution.  

The energy of the reflected S0 mode is 
below the real value if the non-propagating modes 
are omitted. 
 

5. CONCLUDING REMARKS  

The importance of the non-propagating 
modes in the theoretical and numerical 
investigation of guided waves propagation has 
been proven in the present paper.  
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Figure 7. Relative reflected energies, for S0 incident mode in steel, severely truncated series 

Figure 8. Relative reflected energies, for S0 incident mode in steel, correct solution 

 

 

 
 

 

 

 

Some authors ignore the presence of such 
waves and are led to surprising conclusions. These 

waves can be however practically detected in the 
close vicinity of discontinuities.  
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The importance of accurate wave numbers 
data is another conclusion. The very understanding 
of the dispersion curves is crucial for a correct 
model of the practical wave propagation.   
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