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The increased interest for improved gear design has led to extensive research into the field of non-
linear dynamics of such systems. The paper reveals a complex dynamic model to study the chaotic 
behavior in a gear-pair system. In many applications including turbo machinery, machine tools and 
diesel engines non-linearity's are present due tooth stiffness and damping that induced micro-vibrations 
of parametric type. In the mean time the input link of the drive ax and the output link of the driven ax 
induce non-linearity's. Therefore the paper presents the use of Lyapunov exponents method in order to 
analyze the trend to chaos of such systems. With this method it was found out a strange attractor and it 
was computed a Poincaré section of the non-linear dynamic response.  By this way the paper reveals 
the chaotic behavior of gear-pair due to: non-linearity's of the input-output linkages and self-induced 
parametric excitations, caused by the tooth stiffness and damping. 

 
 
 
 
NOMENCLATURE 
 
cv : the mesh damping of gear teeth[Ns/m]; 
cvo : the mean value of mesh damping of gear 
teeth[Ns/m]; 

vc~  : the amplitude of the variation of mesh 
damping of gear teeth[Ns/m]; 

vc : the mean value of the gear tooth 
damping[Ns/m]; 
kv : the mesh stiffness of gear teeth[N/m]; 
kvo : the mean value of mesh stiffness of gear 
teeth[N/m]; 

vk~ : the amplitude of the variation of mesh 
stiffness of gear teeth[N/m]; 

vk : the mean value of the gear tooth 
stiffness[N/m]; 
kti, i=1,2 : the torsional stiffness of the gear axes 
[Nm/rad]; 
ni, i=1,2 : the rotation speed of gear wheels 
[rot/min]; 

2,1i,ri = : the gear radii of the driver and driven 
gear wheels[mm]; 
s : the relative displacement of the gears into the 
pitching plane[m]; 
sR  : the clearance in the pitching plane[mm]; 
zi,  i=1,2  : the  number of teeth of gear wheels; 
J1, J2  : the mass moments of gear’s inertia with 
respect to Oz1, Oz2 axes[kg m2];  
L, Li, i=1,2,3: Lyapunov exponents; 

( ) 2,1i,tMi =  :the external torque’s loads [Nm];  
Mi0, i=1,2 : the constant external torque’s loads 
[Nm]; 
V : the speed of  relative displacement of the gears 
into the pitching plane[m/s]; 
α : the excitation parameter due to the mean value 
of mesh damping of gear teeth, defined by relation 
(12); 
αo: the excitation parameter of the amplitude of 
mesh damping variation of gear teeth, defined by 
relation (12); 
αn: the pressure angle [rad]; 
β: excitation parameter of the amplitude of mesh 
stiffness variation of gear teeth, defined by relation 
(11); 
βn: the helix angle [rad]; 
δ: the initial distance ( divergence) between two 
trajectories (orbits); 
δn: the divergence between two orbits at the nth 
iteration; 
γ : excitation parameter due to cubic non-linearity's 
of the input-output linkages;  
γo : linear excitation parameter due to the stiffness 
of the driver and driven axes; 
ϕi, i=1,2: rotation angle of gear wheels[rad]; 
μ : excitation parameter of the amplitude of mesh 
stiffness variation of gear teeth normalized by the 
Ω2, defined by relation (11); 
ν : the excitation frequency representing the 
frequency of entering the tooth into the pitching 
plane, defined by relation (9) [rad/s]; 
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Δ: the logarithmic decrement of the damping; 
Γ: excitation parameter due to constant external 
torque's loads 2,1,0 =iM i

;   
Ω : the eigen frequency of the gear-pair system, 
defined by relation  (11) [Hz]; 
 
1. INTRODUCTION 
 
 The failure of geared systems is due to 
undesired high-amplitude self-excited vibrations, 
which is also a cause of instability. As sources of 
perturbation, for a geared system, may be 
mentioned: the periodic variation of the tooth 
stiffness and damping[6-8]; the geometrical errors 
of the contact between teeth[11]; the variation of 
the external torque loads due to the  non-linearity's 
of input-output linkages.  
 The first and the second type of excitations, 
witch is present due to clearances and 
manufacturing tolerances, produce self-induced 
parametric vibrations[6], while the third type of 
excitation induces the non-linear dynamic 
behavior[9,10]. Many investigators have been 
working on the modeling of gear transmission 
systems, such as Bolotin [2], Bosch [4], Brauer [5] 
and Diekhans [16].   
Other investigators followed with theoretical and 
experimental studies. Anyhow, most of them have 
been investigated the stability problems of geared 
systems, because such self-induced non-linear 
parametric vibrations represent a major problem 
for the stability of the gear transmission systems. 
All of the investigators started in their theoretical 
studies with models that cover the physical 
phenomena’s that appear into a gear transmission. 
 The aim of the paper is to improve such 
models for geared system and to enable the gear’s 
designer to predict the chaotic behavior of non-
linear self-induced vibrations for the geared 
systems. 
 
2. THE PHYSICAL MODEL  OF A GEAR 

TRANSMISSION WITH ONE STAGE 
 
 It was considered for the model that the 
investigation must carried out for the entire 
pitching plane [16]. This fact is due to the 
observation that for a cylindrical gear the force is 
acting on the teeth into a specific spatial direction 
because of the contact between two teeth. This 
cause torsional non-linear parametric vibrations. 
The gear wheels are helical therefore the mesh 
teeth stiffness kv 

( )iϕ  and the mesh damping cv ( )iϕ  
are influenced by the gear helix angle βn and the 

pressure angle αn [7,16]. This influence is given by 
the relations: 
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Figure 1. Physical model of a gear-pair system 
 
 The forces will be transmitted through the 
teeth mesh stiffness kv ( )iϕ  and the mesh damping 
cv ( )iϕ  which depend upon the rotation angle of 
the wheel. Some authors developed dynamic 
models that take into consideration the teeth 
clearance sR and therefore the influence of micro-
impacts of the teeth [15]. The considered model 
neglects the backlash sR but takes into 
consideration the components of the forces in the 
circumferential direction. The gear load is a 
function of relative movement between the driver 
gear and the driven gear. The new model 
introduces the torsional stiffness of the gear axes as 
can be seen from figure 1. Using the Lagrange's 
equations, the differential system of equations for 
the vibrating movement is  
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where s is the relative displacement of the gears 
into the pitching plane: 

        
     ( ) 2211 rrtss ϕϕ −⋅==               (3) 

 
Multiplying the first equation of system (2) by 
r1/J1, the second one by  r2/J2 and making the 
difference between them it was computed the 
differential equation of the non-linear parametric 
vibrations of the helical gear-pair system in the 
pitching plane: 
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 The right hand term of equation (4) can be 
expressed as: 
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where  Γ produces only static deflection being 
constant. The other terms induce the effects of 
torsional stiffness of the axes γo  and the non-
linearity's of the input-output linkages γ in order to 
transmit the external torque's loads M1 and M2 . 
This terms are defined by the relations: 
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considering that the cubic non-linearity's are very 
small. 
 In equation (4) it can be neglect the term Γ 
because it produces only static deflection and the 
paper deals only with the dynamic behavior of the 
system. Equation (4) is a bi-parametric one 
because of stiffness variation ( )tkv  and also 
because the damping variation cv(t)  that depends 
upon the stiffness [7,8,16]. Taking into 
consideration the experimental data [7,8,16],  the 
mesh stiffness ( )tkv  and the mesh damping cv(t)  
for helical gears can be expressed by the 
mathematical relations 
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 Between the mesh stiffness and the mesh 
damping it exists the relation[7,16] 
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where the excitation frequency is 
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 Equation (4) is a non-linear differential 
equation because of  the non-linear term expressed 
by (6) that is due to the link flange of the gear 
transmission [6]. Taking into account that the 
perturbation in  equation (4) has a non-linear 
variation expressed by relations (5),(6) and also 
equation (4) has a bi-parametric mathematical form 
given by the expressions (7)-(9), it can be put into  
the mathematical form  
 

0)cos1()cos( 32
0 =γ+νμ+Ω+να+α+ sststs &&&  (10) 

 
 In equation (10) Ω and μ are the eigen 
frequency and the excitation parameter of  the 
mesh stiffness given by the expressions 
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while α and αo are the excitation parameter due to 
the mean value of mesh damping and the excitation 
parameter of the amplitude of mesh damping 
variation expressed by the relations 
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 In expressions (12) it were used the relations 
(7) and (8). Equation (10) is a second-order bi-
parametric non-linear differential equation and has 
a mathematical form of modified non-linear 
Mathieu-Hill type. 
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Figure 2. Limit point: n1=2212 rot/min; α0= 0.91; α=91; γ=2.3588e3; μ=7.255; ν=8570.7 rad/s (1364.07 Hz); 
Ω=1910 rad/s (303.99 Hz);Δ=0.1 
 
 

 
Figure 3. Limit cycle: n1=2500 rot/min; α0= 0.091; α=9.1; γ=2.3588e3; μ=7.255; ν=8570.7 rad/s (1364.07 Hz); 
Ω=1910 rad/s (303.99 Hz);Δ=0.01 
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Figure 4. Strange attractor: n1=2212 rot/min; α0= 0.0091; α=0.91; γ=2.3588e3; μ=7.255; ν=8570.7 rad/s (1364.07 
Hz); Ω=1910 rad/s (303.99 Hz);Δ=0.001 
 
 

 
Figure 5. The Lyapunov exponents(Δ=0.001, n=2212.3 rot/min) 
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3. CHAOTIC TREND OF  DYNAMIC 
BEHAVIOR 

 
 To analyze the dynamic behavior, equation 
(10) is put into the form of a differential equations 
system  of first order 
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 The system (13) is a non-linear differential 
equations system of first order and it was 
numerical integrated using Runge -Kutta IVth order 
method. At each step it were changed the initial 
conditions and the parameters values, obtaining 
graphic images of the dynamic behavior of gear-
pair system in phases plane V(s), time history s(t) 
and V(t), and spatial graph V-s-t of phases plane 
time history. It were found situations such as: limit 
point in phases plane, as shown in figure 2, limit 
cycle like in figure 3 or even strange attractor as 
presented in figure 4.  
 To confirm the occurrence of the strange 
attractor, shown in figure 4, it was used the method 
of Lyapunov exponents. One of the important 
characteristics of the chaotic vibrations is the high 
sensitivity at the initial conditions, in the way that 
two trajectories that start in the same vicinity will 
have trends very different one from another. The 
measure of the divergence between the trajectories 
of the solutions of differential equations system 
(13) is given by the expression of Lyapunov 
exponent expressed as 
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where N  is the number of iterations, δ is the 
distance between the trajectories at the starting 
moment and  δn represents the distance  between 
the trajectories at the nth iteration. Because the 
system (13) has three solutions, the unknowns 
being s(t), V(t) and Θ(t), it were obtained three 
Lyapunov exponents L1,L2,L3 one for each 
unknown. The condition of chaos occurrence is 
that the maximum Lyapunov exponent is positive 
and the sum of its is negative, that is in 
mathematical form 
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 To confirm the occurrence of chaos it was 
used the Poincaré map method. This method 
consists in representing the intersection of the 
orbits in the phases plane with an orthogonal 
surface at equal periods of time. If the vibration 
motion is periodic or quasi-periodic the Poincaré 
map represents images of saddle points or of 
saddle separatrices. In the case of chaos the image 
of Poincaré map represents a diffuse structure of 
pints having different density of pixels per unit 
area of surface. In this case the image has the 
property of auto-similarity of the structure that is 
the main fractal characteristic of the strange 
attractor.  
 

 
Figure 6. Poincaré map for 10,000 iterations: n1=2212 
rot/min; α0= 0.0091; α=0.91; γ=2.3588e3; μ=7.255; 
ν=8570.7 rad/s (1364.07 Hz); Ω=1910 rad/s (303.99 
Hz); Δ=0.001 
 
4. RESULTS AND CONCLUSIONS 
 
 The presence of chaos in certain condition 
was confirmed by the Lyapunov exponents 
method. As can be seen from figure 5, that 
represents the variation of Lyapunov exponents for 
the range of rotation speed of driver ax n1=150- 
3000 rot/min, the chaos has occurred for n1=2212.3 
rot/min and Δ=0.001 because starting from this 
rotation speed of driver ax and for a specific 
damping value given by Δ the mathematical 
conditions (15) are fulfilled. Therefore the figure 4 
represents certain the image of a strange attractor 
in phases plane. In figure 6 is presented the 
Poincaré map for the same values of n1 and Δ. 
Now it can be certain concluded that for specific 
values of the rotation speed of driver ax, of the 
damping and of non-linearity's, this values are 
n1=2212.3 rot/min, Δ=0.001 (α0 = 0.0091; α=0.91) 
and γ=2.3588e3, the chaos occurrences and it 
appears a strange attractor presented in figure 4 in 
phases plane and in figure 6 as a Poincaré map.  As 
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can be seen from figures 2-4 the increase of the 
damping value induce the stability of the gear-pair 
system.  
 By this way the paper reveals the chaotic 
vibrations of the gear-pair system mathematical 
expressed in equation (10) and in the mean time it 
were high-lighted the conditions of appearance of 
the strange attractor. 
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