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The flat is a fault of the rolling surface of the railway wheel, which occurs when the wheel is blocked 
during braking process. When a wheel having a flat fault is rolling on the rail, a periodic impact force 
occurs, which is soliciting the rail and generates impact noise. The present work studies the interaction 
between a wheel having this particular fault and the rail, using a model in which the rail is considered 
to be a continuous supported beam on two elastic layers. The wheel is taken as a simple mass driven by 
the stationary load. The Green’s functions method is applied in order to solve the equations of motion. 
The influences of the speed, flat geometry and wheel mass upon the maximal impact force are studied.  

 
 
 
 
1. INTRODUCTION 
 

The flat is a major fault of the rolling surface 
of a railway wheel. Around that zone (which is 
usually no longer than 50 mm), the wheel presents 
a lack of material. There are though extreme 
situations, when flats of 100 mm and above were 
recorded.  

Geometrically speaking, when a flat occurs, 
the circle arch corresponding to the wheel’s 
longitudinal section is replaced by a cord (fig. 
1.a.). Simultaneously, the tangent slope to the 
circumference of the wheel section leaps at the 
cord ends – the flat is a discontinuity on the 
wheel’s rolling surface.  

 

 
Figure 1. Wheel shape for:  
a) new flat; b) worn flat. 

 
The flat occurs more often when the braking 

system is malfunctioning and the wheel is blocked 
during the braking process. The wheel is forced to 
slide on the rail and the flat appears in the contact 
zone as a result of severe wheel wear. 
Simultaneously, the wheel material is strongly 
heated and then suffers an instant cooling. Its 
structure changes, as fragile martensitic grains 
appear. These grains are actually leading to a faster 
wear. This way, the edges of the flat spot are 

rounding shortly after the flat occurrence (fig. 
1.b.).  

When a wheel having this fault is rolling on 
the rail, that flat generates a periodic impact force 
which has a significant magnitude. The frequency 
of the impact force depends on the running speed 
and the wheel diameter. Its amplitude is so high, 
that it can actually damage the track – fatigue 
cracks on the rails or sleepers. The wheel itself is 
affected too, because of the cracks or even material 
losses occurring on the rolling surfaces. Another 
consequence of a rolling wheel with flat fault is the 
periodic impact noise.  

This particular issue of dynamic interaction 
between a wheel with flat fault and the rail was 
studied in many other works and many models 
were proposed. Ver [1] studied the generating of 
the impact noise caused by wheel/rail 
irregularities. He introduced the concept of critical 
speed, defined as the one for which the wheel/rail 
contact is lost (momentary). In the quoted work, a 
series of basic formulas for critical speed and 
impulse variations’ calculus are presented. In 
addition to that, the work presents formulas for 
calculating the speed dependence of the level of 
noise power for many types of wheel/rail 
discontinuities, including the wheel flat fault. 

Newton and Clark [2] used a model consisting 
in three parts: the vehicle, the non-linear elastic 
Hertzian wheel/rail contact and finally the rail as 
the third part. The vehicle model consists in three 
masses represented by the car body, the bogie and 
the wheel, connected through the elastic and 
damping elements of the primary and secondary 
suspension. The non-linear Hertzian contact is 
modelled through an elastic element which is 
placed between the wheel and the rail. The track is 
reduced to an infinite rail mounted over an elastic 
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foundation. Newton and Clark’s study is also 
showing some experimental results. They avoided 
the difficulties related to locating the impact spot 
on the rail by creating an indentation on its head. 
The effect of that indentation over a perfectly 
round wheel is similar to the effect of a flat fault 
over a perfectly smooth rail.  

The theoretical results concurred with the 
experimental ones for speeds up to 80 km/h. The 
maximal impact force increases along with the 
increase of the speed until reaching 30 km/h, then 
it has a small decreasing until 60 km/h and 
increases again for speeds beyond that limit.  

Nielsen and Igeland [3] studied this kind of 
interaction on a two axle bogie. The track was 
modelled using the finite element method. The first 
wheel has a flat fault and the following wheel is in 
perfect condition. There were two flats involved in 
this study, having the wavelengths of 60 and 90 
mm. The speeds of losing contact for both flats are 
determined. The maximal impact force is 
calculated.  

Wu and Thompson analyzed this issue in two 
of their works [4, 5]. They chose as a starting point 
two analytic track models. In the first one, the rail 
is a Timoshenko beam on a continuous two-level 
elastic support. The sleeper effect is neglected. The 
second model considers the rail as two 
Timoshenko beams on a discrete support. The 
sleeper is taken as a rigid with one degree of 
freedom. Each time, they calculated the parameters 
of an equivalent model which has the best 
approximation for the frequency response of the 
initial model. This way, the track system was 
transformed into a system of constant or variable 
parameters. The last variant is considered for 
parametric excitation due to track stiffness 
variation across a span length. The integration of 
the wheel/rail model equations was made using the 
Runge – Kutta method.  

They studied the influence of the speed and 
flat dimensions over the impact force and impact 
noise. They also revealed that the sleeper has a 
marginal effect over the impact force. 

Hou, Kalousek and Dong [6] applied a finite 
element model in order to study the vehicle-track 
system as an asymmetric system. The case of a 
wheel with flat fault was studied as well. The 
effect of a flat wheel on the other wheel of the 
same bogie was determined. 

The current work comes with a different 
solution for solving the issue of this kind of 
interaction. Starting from the idea of Wu and 
Thompson, that the impact force is little influenced 
by the sleepers, the model of a beam on a 
continuous two-level elastic support is considered. 

For a model like this one, Grassie and al. [7] 
revealed that there are no significant differences 
between the Euler and Timoshenko beam models. 
Differences appear if the periodic sleeper support 
is considered. As a result, the Euler beam model is 
adopted, because of its simplicity. The wheel is 
assimilated to a moving rigid body, as in the 
previously quoted articles. 

The equations of motion are integrated using 
the Green functions method. This way, the errors 
occurring when using the Wu and Thompson 
equivalent model may be avoided. On the other 
hand, the Green function method is simpler and 
faster than the modal analysis. Using this model, 
some aspects of the flat wheel / rail interaction are 
studied.  
 
 
2. THE MATHEMATICAL MODEL 

 
Figure 2 presents the model of this kind of 

interaction. For the wheel/rail impact it’s quite 
enough to replace the vehicle with a stationary load 
over a wheel. The wheel is regarded as a Mw mass 
which moves at a constant V speed along the rail. 
The vertical wheel displacement caused by the 
interaction with the rail is zw(t), where t stands for 
time. At the initial moment, (t = 0), the wheel is 
positioned at x = 0. 

 

Figure 2. Mechanical model of railway wheel flat on 
track. 
1 – rail; 2 – rail pad; 3 – semi-sleep; 4 – ballast; 5 – 
wheel flat; 6 – stiffness contact. 

 
 The track model is a beam on a continuous 
two-layer elastic support. The rail is considered as 
an Euler infinite and uniform beam having the m 
mass per length unit, Young’s modulus E and 
section moment of inertia, I. The vertical wheel 
displacement in an x section is w(x,t). The elastic 
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constants for the continuous elastic support are kr 
and kb and the damping constants are cr and cb. 

Semi-sleepers are considered to be an inertial 
layer by the mass of ms having the vertical 
displacement of z(x,t). 

The equation describing the wheel motion is  
                  )()( 0 tPPtzM ww −=&&                 (1) 

 
where P0 stands for the stationary load and P(t) is 
the wheel/rail contact force. 

The differential equations of rail motion may 
be written in matrix form 

 
                       { } { }pqL =tx ,                          (2) 

where 
             {q} = {q(x, t)} =   [w(x, t)  z(x, t)]t  
 
is the column vector for displacements, and   
 
                      {p} = -P(t)δ(x - vt){e} 
 
is the column vector for forces at rail level with 
{e} = [ 1 0] t and δ(.) is Dirac’s function. The 
differential operator Lx,t from equation (2) is 
defined by 
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The wheel and the rail are elastic solid 

bodies. The deformation in the contact point may 
be expressed using Hertz’s theory regarding the 
elastic contact. According to this theory, the 
relationship between the contact force P(t) and the 
Hertzian deformation, 
  
               zδ(t) = zw (t) – w(Vt,t) – zr(Vt),            (3) 
is                                                                      
               [ ] [ ])()(/)( 3/2 tzHtzCtP H δδ=            (4)     
 
where zr(Vt) stands for the indentation from the rail 
head which is equivalent to the flat fault (see figure 
3), CH  is Hertz’s constant and H  is the Heaviside 
tread function. 

In case of the worn flat fault, the indentation 
might be [4, 5] 
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where e stands for the flat’s thickness and 2l for its 
length. 

Figure 3. Wheel flat feometry for new flat: a) wheel 
flat; b) round wheel with irregularity on the railhead 

 
The boundary conditions are 
 
                 { } [ ]tt 00),( =±∞q ,                (6)   

 
and the initial conditions are 

 
         0)0( =wz ,            0)0( =wz& , 

          { } [ ]tx 00)0,( =q ,{ } [ ]tx 00)0,( =q&      (7) 
 
where the dotted measures are time based 
derivatives. 

The equations of motion (1-3), the elastic 
wheel/rail contact equation (4) and the conditions 
(6-7) are defining the model of a rolling wheel flat. 
These equations are solvable using the rail’s Green 
functions. 

The wheel’s equation of motion is re-written in 
its entire form 
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The rail displacement in the contact point is 

determined by the applying of the Green function 
method                                                             
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where gw(Vt, Vτ, t-τ) is the appropriate Green 
function. In other words, any x = Vt contact point 
has a corresponding Green function gw(Vt, Vτ, t-τ) 
which depends on τ∈[0, t]. 

The Green function has the property of being 
damped. There is a certain T so that most of the 
Green function’s energy is concentrated in the [0, 
T] or, in other words, the contribution of the Green 
function can be neglected for t - τ > T (apriority t ≥ 
T) 
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From the practical point of view, it is sufficient 

enough to consider the Green function’s sequence 
gw(Vt, Vτ, t - τ) with t - τ∈[0, T]. 

For the numeric calculus, a time partition is 
considered: t1, t2 , … tn with  t1 = 0, tn = t  and Δt = ti 
- ti-1 where i = 2 ÷ n. The equations defining the 
wheel and rail displacements may be written under 
the recurrent form: 
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The integrations are calculated adopting the 

hypothesis that in the time interval [ti-1, ti] the 
contact force P(τ) and the Green function have a 
linear variation. It is obvious that the wheel and 
rail displacements are depending on the contact 
force value, P(tn). By substituting those 
displacements in the contact force equation (4), a    
P(tn)-based non-linear equation results. Solving 
this equation iteratively, for each integration step, 
the following will result successively: the contact 
force P(tn), the wheel displacement and finally the 
rail displacement in the contact point. After that, 
the following integration step might be taken.  

The time domain analysis for wheel/rail 
interaction is based on the rail’s real Green 
functions 
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The {g} column vector contains the rail’s and 

inertia layer’s response in the x section at t - τ 
moment, if at the τ  moment in the ξ section a 
unitary impulse force occurred. The column vector 
of the real Green functions is the solution of the 
following equation 

 
          { } { }egL )()(, τ−δξ−δ= txtx .           (14) 

 
and may be calculated using the Fourier 
transformation method. If the rail’s complex Green 

functions are defined by the Fourier transformation 
F[.]     
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then, they contain the amplitudes of the rail’s 
harmonic response in the x section at the ω angular 
frequency, if a unitary harmonic force occurs in the 
ξ section. The column vector of the harmonic 
Green functions is the solution of the following 
equation 
 
                            { } { }eGL )ξ(δω, −= xx                (16) 
 
where Lx,ω = F[Lx,t]. 

The real Green functions vector may be 
calculated using the following equation 
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The method of Green functions calculus is 

similar to the one presented in the reference [8]. 
 
 

3. NUMERICAL APPLICATION 
 
Next, a numeric example which is specific to a 

track built with rails of 56 kg/m linear mass and 
mono-block concrete sleepers [7]. The rail 
parameters are: E = 210 GPa and I = 23,14·10-6 m4. 
The mass of a semi-sleeper is about 110 kg, and the 
elastic and damping constants of the rail pad and the 
ballast are 225 MN/m and 28 kNs/m, and 70 MN/m 
and 30 kNs/m, respectively. Considering a span 
length of 0.7 m, the following results: kr = 321,4 
MN/m2, cr = 40 kNs/m2 , kb = 100 MN/m2 şi cb = 42,86 
kNs/m2. 

 

Figure 4. Receptances of the track: - rail; -- sleeper. 
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The harmonic Green function for the rail and 
sleeper was determined. As well were the 
receptances. Figure 4 shows the receptances in the 
point of force occurrence. The rail’s harmonic 
behaviour is dominated by two resonance 
frequencies: one at 108 Hz and the other at 449 Hz. 
Among those, at 261 Hz we find an anti-resonance 
which is due to the sleepers and their ‘dynamic 
absorber’-effect. The sleepers have two resonance 
frequencies as well. At the rail anti-resonance 
frequency, the sleeper receptance is higher than the 
rail’s due to the previously mentioned effect.  

 

 
Figure 5. The vertical cross-receptance of rail at 470 
Hz 

 
Figure 5 shows the rail’s receptance at 470 Hz; 

comparing it with the experimental results 
presented in the quoted work, a good concordance 
was obtained.  

 

 
Figure 6.  The Green’s function gw (0,0,t) 

 
Figure 6 presents the rail’s Green function 

calculated right beside the impulse appliance point. 
The maximal value is about 6 μm/Ns and is 
reached shortly after applying the impulse force. It 
may also be observed that the function is damped 
and decays practically after about 60 ms. As a 

result, it is obvious that its contribution is 
negligible. 

 

 
Figure 7. The Green’s function gw (0,6,t) 

 

Figure 8. Wheel/rail interaction force due to 0.5 mm 
rounded wheel flat (2l=50mm at wheel speed 20m/s. 

 
Figure 7 presents the rail’s Green function 

calculated in a point situated at a distance of 6 m 
from the impulse applying point. The response is 
delayed by a certain time interval, which is 
necessary for the bending wave to pass the distance 
between the excitation and the calculus point. The 
maximal value is smaller, about 0.32 μm/Ns. The 
response is also damped. 

Figure 8 displays the evolution of the 
wheel/rail contact force during the numerical 
simulation for a rolling wheel at a speed of 20 m/s 
having a 50 mm long and 0.5 mm deep, flat fault. 
At the beginning of the numeric simulation, the 
wheel/rail interaction is dominated by the 
transitory behaviour. Its duration is much longer 
than the effective period (T = 60 ms) of the Green 
function. The maximal force during this transitory 
state is about 16722 daN, compared to the steady 
load, which is about 10000 daN. 

The impact is programmed to happen at 0.3 s 
after the initial moment, because we don’t want it 
to be influenced by the transitory behaviour. At 
this speed, the wheel passes over the flat fault zone 
in 2.5 ms. 

Figures 9 and 10 are detailing this transitory 
behaviour, presenting the impact force and the 
wheel/rail displacement, plus the indentation from 
the rail head. The wheel displacement is higher 
than the rail’s due to contact elasticity. When the 
wheel reaches the indentation on the rail head, it 
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can not follow close the level difference and the 
distance between wheel and rail increases. The 
wheel/rail contact force decreases at its minimal 
value of 588 daN. This trend is maintained until 
the wheel reaches the maximal equivalent 
indentation. During this whole time, the rail is 
pushed upwards by the ballast and rail pad 
reaction, and the wheel is pushed downwards by 
the steady load, which outnumbers the contact 
force. The wheel/rail impact is the actual result of 
those opposite motions. The contact force 
increases significantly, until reaches 19511 daN 
and right after that, the wheel passes over the rail 
indentation. After the impact, the motion is rapidly 
damped.  

If the wheel runs over the same flat at a speed 
of 40 m/s, it loses contact with the rail, as figure 11 
shows. The wheel/rail contact unloads rapidly soon 
after the wheel touches the indentation and for 
0.525 ms, the contact is totally lost. The wheel/rail 
evolution beside the contact point is similar to the 
previous case, except the fact that the rail’s 
maximal rising is smaller and it occurs after the 
wheel passed the indentation’s minimal height, 
which explains the higher value for the impact 
force, 38394 daN, respectively (see Fig. 12). 

The maximal impact force depends not only on 
the running speed, but on the flat length as well. 
Figure 13 shows the impact force at 40 km/h, for a 
120 mm flat and a maximal indentation of 2 mm. 
The evolution is different because there are two 
wheel lift-offs this time. The first one lasts for 
about 1.8875 ms and occurs right above the flat 
fault zone and the second one lasts only for about 
0.7875 ms and occurs after  the wheel passed the 
indentation. The maximal impact force is 
consecutive to the first lift-off and has a value of 
63389 daN. After the second lift-off, the impact 
force’s peak is reduced to 20222 daN. 

And finally, the wheel/rail impact force 
depends on the axle mass as well. If the mass is 
higher, the impact force peak is smaller due to 
wheel’s higher inertia. This particular aspect is 
illustrated by figure 14, showing the results of the 
simulations for a 1000 kg wheel, under the same 
conditions, as presented above. The maximal force 
is about 60000 daN, 5% lower than the previous 
case.  

 
 

4.CONCLUSIONS 
 
The flat is a major fault of the rolling surface 

of a railway wheel, which might occur during 

malfunctioning braking process, when the wheel is 
blocked. 

The shape of the flat fault evolves in time, due 
to the wear of the rolling surface. Thus, the edges 
are rounding and the length increases.  

The simulation of a rolling flat wheel may be 
realized using the presented model and the rail’s 
Green functions may be used for solving the 
equations of motion. 

The running of a flat wheel is accompanied by 
a specific evolution of the wheel/rail system. Thus, 
when the wheel steps over the flat fault, the wheel 
is pushed downwards, while the rail is pushed 
upwards. All this motion is accompanied by the 
severe unloading of the wheel/rail contact. After 
that, the impact occurs and the contact force 
increases significantly. 

The maximal impact force increases as the 
running speed increases. The maximal impact 
force increases if the flat has a higher length. 
Simulations revealed that the impact force is lower 
when having heavier axles.  

There are situations when the wheel may lose 
contact with the rail once or even twice. 
The time domain analysis of the flat wheel/rail 
interaction is interesting not only for determining 
the aggressiveness of the flat fault on the wheel/rail 
system, but for the noise level calculus as well, 
starting with the spectra of the impact force [5].  
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