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The paper presents the results of some numerical applications, obtained by studying the motion of a 
rigid body about its mass center. The differential equations are determined in two ways: by means of 
Euler angles and by means of finite rotations, described by the elements of the rotation quaternions. In 
both cases, Runge-Kutta integration method has been used. The numerical results are compared and 
conclusions are drawn upon the accuracy of the two ways of describing the motion, as well as upon the 
numerical integration method. 

 
 
 
 
1. PRESENTATION OF THE PROBLEM 
 
 The motion of a rigid body about its mass 
center is equivalent to the motion of the rigid body, 
resulted by fixing this point. The differential 
equations of the motion of such a rigid can be 
expressed by means of Euler angles [1], [2] or by 
means of rotation quaternions [3], [4], [5]. The two 
methods are presented and compared in the 
following. 
 
2. THE METHOD BASED ON EULER 
ANGLES 
 
The position of a rigid body with a fixed point can 
be expressed by means of Euler angles, ϕ, θ and ψ 
(Figure 1). 
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Figure 1.  Euler angles 
 

 In this situation, by considering the 
simpler case of a principal reference system, the 
differential equations of the motion (Euler’s 
equations) are [1], [2]: 
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 This system contains 6 first-order ordinary 
differential equations, with 6 unknowns: ϕ, θ, ψ, 
ωx, ωy, ωz. 
The integration of the system is made with the 
initial conditions 
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3. THE METHOD BASED ON ROTATION 
QUATERNIONS 
 
 If the position of the rigid body with a 
fixed point is expressed by means of the elements 
of a rotation quaternion, by considering again the 
case of a principal reference system, the 
differential equations of motion are [3], [4], [5]: 
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 This system is also a first-order one, but it 
contains 7 equations, with 7 unknowns: q0, q1, q2, 
q3, ωx, ωy, ωz. Its advantage consists in avoiding 
the indeterminations of Euler’s equation, occurring 
when the angle θ becomes null. 
 
 The integration of the system is made with 
the initial conditions 
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4. RELATIONS BETWEEN THE TWO 
TYPES OF PARAMETERS 
 
 The last three equations and the last three 
unknowns of the two types of systems coincide. 
 Euler angles and the elements of the 
rotation quaternions are connected by the relations: 
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 These relations are also valid for the initial 
values of the parameters: 
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 The rotation matrix [T], which expresses 
the coordinate transformation of a vector, from the 
reference system connected to the body (Oxyz), to 
the fixed one (Ox0y0z0), 
 { } [ ]{ }XTX =0 , (7) 
can be expressed both in terms of Euler angles and 
of the elements of the rotation quaternion [2], [3], 
[4]: 
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5. NUMERICAL APPLICATIONS 
 
 If the rigid body is not acted by external 
forces [2], the resultant moment of the external 
forces is null: 

 0=== OzOyOx MMM . (10) 
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 As an example, a rigid body has been 
considered, with the moments of inertia JJ =1 , 

JJ 5.12 = , JJ 23 = . 
 Under these circumstances, three 
disposition modes have been studied, with respect 
to Oxyz reference system: 
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 The following initial conditions have been 
chosen: 

 
⎩
⎨
⎧

=ω=ω=ω
=ψ=θ=ϕ

⇒=
.rad/s 3   ,0

0   ,rad 0.5   ,0
0

zyx

t  (12) 

 In each case, the motion equations have 
been determined in two ways: 
1. by integrating Euler’s equations (1); 
2. by integrating the quaternion equations (3). 
 The integration of both types of differential 
equation systems has been made numerically, with 
fourth-order Runge-Kutta method [6], [7], on the 
time interval [0…20s], with the step 0.02s. Results 
are displayed with the step hd = 0.04s. 
 The rotation matrix is computed in three 
ways: 
(E) by applying formula (8) to parameters ϕ, θ, 

ψ, resulted from the integration of 
system (1); 

(EQ) by applying successively formulae (5) and 
(9) to the same parameters; 

(Q) by applying formula (9) to parameters q0, q1, 
q2, q3, resulted from the integration of 
system  (3). 

 
6. RESULTS AND CONCLUSIONS 
 
 The two ways of determining the motion 
equations and the three ways of computing the 
rotation matrix have led to results so close that, at 
the usual representation scales, the corresponding 
curves coincide. 
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Figure 2. ,JJJ,J.JJ yx 251 32 ====  

JJJ z == 1  
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Figure 3. ,JJJ,JJJ yx 231 ====  

J.JJ z 512 ==  
 
 The time variation of two elements of the 
rotation matrix are illustrated in Figures 2-4, for 
the three disposition modes (11), (11’), (11”), 
respectively.  
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Figure 4. ,J.JJ,JJJ yx 5121 ====  
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For the disposition mode (11’), the same variations 
are also presented in the numerical form in Tables 
1-2, for the last part of the studied time interval. 
 
Table 1 

t T13(E) T13(EQ) T13(Q) 
19.80 -0.023738 -0.023738 -0.023757
19.84 0.001107 0.001107 0.001087
19.88 0.028442 0.028442 0.028424
19.92 0.058011 0.058011 0.057995
19.96 0.089497 0.089497 0.089482
20.00 0.122522 0.122522 0.122506

 

Table 2 

t T23(E) T23(EQ) T23(Q) 
19.80 -0.653740 -0.653740 -0.653731
19.84 -0.663951 -0.663951 -0.663943
19.88 -0.671687 -0.671687 -0.671679
19.92 -0.676585 -0.676585 -0.676578
19.96 -0.678301 -0.678301 -0.678294
20.00 -0.676512 -0.676512 -0.676506

 
 The results show that Runge-Kutta 
numerical integration method has a high level of 
accuracy. 
The two ways of determining the equations of 
motion are equivalent, as long as angle θ is not 
null. 
 
 By the contrary, if angle θ becomes equal 
to zero at certain moments of the motion, the 
method based on quaternions is superior, since the 
results are not affected by indeterminations. 
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