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The analysis of wave propagation in anisotropic solids is presented with more or less details in 
classical textbooks, from fundamental equations to specific conclusions. In the present study are 
deduced with all the mathematical details, the directions of propagation of pure longitudinal and pure 
transverse waves in an elastic solid of cubic symmetry. The elastic tensors are obtained in a rigorous 
manner and mathematical conditions are imposed for the existence of the fundamental longitudinal and 
the transverse waves. The obtained formulas are useful for inverse problems such as material elastic 
constants determination. It is thus obvious that the fundamental waves remain pure only along several 
directions of propagation, in the sense that it no energy transfer takes place among these types of 
waves. A practical example is given. 

 
 
 
 
1. GENERAL ASPECTS ABOUT WAVE 
PROPAGATION EQUATIONS 
 

 Being an anisotropic medium, the equation 
of motion of a crystal in the general form, in the 
linear approximation is expressed by the relation: 

                           (1) 

in which  is the density of the anisotropic 
medium,  is one component of the 
displacement vector ,  is one axis 
of the Cartesian system (rectangular coordinate 
system), and  is the tensor of stress given by a 
product of contraction [1,..,4]: 

                              (2) 
      In the latest equation (2),  is the tensor of 
the elastic moduli (a fourth order tensor, 

) and  is the tensor of strain; for 
small deformations, according to the definition, for 

 and , one component of this 
tensor has the expression: 

                                (3) 

     The equations (2) and (3) are introduced in 
equation of motion (1), the obtained result being: 

                 (4) 

      Because the tensor  is symmetric relative 
to the second pair of indices ( ) and in 
the expression  it is made the 
inversion of the indices  and , it is found that in 
the equation of motion, both terms in parentheses 
are equal: 

, 

      Therefore, equation (4) becomes: 
                                         (5) 

      In the case of the plane monochromatic waves, 
the solution for the displacement vector  can be 
written with the help of the relation:  

                         (6) 

where:  is the amplitude of the displacement 

( ) independent of position and time,  is 
the wave vector and  is the position vector. 
Considering  as the unit vector normal to the 
wave front and  as the propagation velocity of 
sound, the following expressions are clearly 
defined by: 
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                      (7) 

 In accordance with equations (6) and (7), 
one component of the displacement vector can be 
expressed in the form: 

          (8) 
     From the relation (8), the following 
equations are easy to obtain: 

 ;   

  ; ;    

 and  
 Using the above results, the equation of 
motion (5) is: 
                           (9) 
 It is known that the Kronecker delta, , is 
equal to one if  and  is equal to zero if 

, therefore it can write  as . 
Introducing this symbol in equation (9) and giving 
up to the zero indices that are suited for the linear 
approximation, the result is 
  ,               (10) 

 
 It is easy to demonstrate that the last term 
of the parentheses in equation (10) represents a 
tensor as being the result of a product of 
contraction, a second order tensor, 

; this demonstration contains 
two steps: 

           a.  

 
                 
          
                 

b.  

 
     

           
Indeed, the product of contraction is a 

second order tensor . 
Finally, relation (10) has a new form: 

                                   (11) 
 Expression (11) forms a system of three 
homogeneous linear equations, the three unknown 
quantities being ; for nontrivial 
simultaneous solutions, the determinant of the 
system must to be null: 

                                        (12)         
 This equation (12) is a cubic equation for  
which, in general, has three roots depending on the 
directions of propagation of the plane wave, where 

 is the square of the velocity of propagation. The 
velocities of propagation of longitudinal and 
transverse waves in different directions are related 
to different dynamic elastic moduli . By 
measuring the velocity of ultrasound in some 
sections of the crystal, like crystal samples whose 
faces are cut perpendicular to a chosen direction, it 
can be found the elastic moduli. 
 
2. INTERDEPENDENCE BETWEEN THE 
ELASTIC MODULI AND THE 
VELOCITIES OF PROPAGATION OF 
ULTRASOUNDS IN CRYSTALS 

 In relation (6) some symbols are 
introduced: 

                             (13) 

Using equation (13), the associated matrix 
expression of relation (11) is: 

 
Expanding the above expression, it is 

obtained the following system of equations: 
 

                   (14) 
 

 
2.1 Calculation of the elements of the 
tensor  

Being a product of contraction, 
, this tensor is a product by 

summing after the “mute” index, as follows: 

 

 
 

          
         (15) 

 Because, the fourth order tensor  is 
symmetric relative to the first and the second pair 
of indices, the next relation are true: 

 
As a result of the previous statement, the 

independent elements of the tensor  are 
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presented in  the first (upper) part of the relations 
(16), in the second (low) part of (16) being the 
shorter notation of these independent elements: 

 
                   
                                
                                             
                                                          
                                                                      

                                        (16) 
 

                    
                                  
                                              
                                                           
                                                                        
Taking into account the relations (15) and (16), the 
elements  are: 
                 

                                                                       
                  
       

                                
         
                                  (17a) 
                

 
                          
   
                 
   
                                  (17b) 

 
 

 
 

 
         
                                  (17c) 

 
 

 
 

             (17d) 

 
 

                       
          

            (17e) 
              
                        
                       

        
             (17f)                     
        Notice:  a). , , ; 
             b). According to the result (17d), the fourth 
relation from (XI.10b), reference [1], has a 
mistake.       
 Some important remarks concerning the 
longitudinal and transverse waves are necessary, as 
follows:  

a). In order to find a purely longitudinal 
wave (the remaining two waves in this situation 
must be transverse), the condition is that the vector 
displacement  must be parallel to the normal 
vector , that is . By expanding the 
known determinant, the resultant expression is:                 

  

 
The coefficients of the unit vectors being 

null, the condition of collinearity of the vectors  
and  (or ) assumes the relation: 

                                       (18) 

b). For the propagation of purely 
transverse waves, the condition satisfied by the 
vectors  and  is , that is: 

                  (19) 
The relations (18) and (19) give the 

possibility to select from the solutions of the 
system (14), the particular ones that verify these 
relations. In the same time, the conditions given by 
(18) and (19) determine the directions in a certain 
crystal along which purely longitudinal and purely 
transversal ultrasonic waves can propagate. These 
directions are named isonormal directions.  

 
2.2 Determination of the 

relationship between the propagation 
velocities of ultrasounds waves and 
elastic moduli for the cubic crystals. 

 2.2.1 Isonormal directions of the 
cubic crystals (anisotropic medium) 

It is known [1] that for cubic crystals there 
are available twelve elastic moduli among which 
only three are independent: 

                 
     (20) 
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Using relations (20), equations (17a,…, 
17f) become: 

, that is: 
      
       
              (21)                               
       
       
       
Taking into account both the expressions 

(21) and the relation  the 
system of equations (14) assumes the form: 

 
 

 
 

 
   (22) 

Equations (22) are divided by  and the 
following notations are made: 
        ;   ;    ;  

                                  (23) 

 
 
The system of equations (22) can be 

rewritten in a matricial form as: 

        (24)                          

From (24), it can be noticed that A is an 
eigenvalue and the characteristic polynom is given 
by: 

      .              

Finally: 
 

       
                    

 
If  and after combining similar terms, 
including the symbol B from (23), the 
characteristic polynom  becomes: 

    (25) 
For , from (24), the matrix which 

gives the eigenvectors is: 

       (26) 

Applying admissible transformations such 
as:  in line 2: ·line 2 - ·line 1, and in line 3: 

·line 2 - ·line 1, the matrix (26) becomes: 

 (27) 

 
Or introducing the symbol B from (23), the 

above matrix is: 

 (28) 

According to (28), the system of equations 
(24) has the following form taking into account 
that A is an eigenvalue:  

  (29) 

It is easy to notice now that the system of 
equations equivalent to (29) contains the equations: 

   (30) 

The second and the third equations of the 
system (30) yield the possible solutions: 
    ;   ;         (31) 

Introducing these expressions (31) in the 
first equation of the system (30), successively the 
next relations are true: 
a).  
              

 
b).  

 
                
                          
c).  
              
                                 (32) 
 The last relation from (32) and the relation 
(25) are identical, therefore the statement that the 
solution (31) represents a possible solution of the 
system (22) is a correct one. 

Using the notations from (23), the 
solutions are: 

 ; 

;   (33) 

. 
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2.2.2 Velocities of propagation of 
longitudinal waves along isonormal 
directions. 

Applying the condition of isonormality 
(18) to the displacement amplitudes (33), the 
components of the unit normal vector must satisfy 
the relation: 

                       (34) 
These formulas (34) give all possible 

directions in the anisotropic crystal along which 
purely longitudinal (and purely transverse) waves 
can propagate. Considering the symbol B different 
from zero, relation (34) is true under the following 
conditions: 

                   I. ;         

                   II. ;             (35) 

                   III.  
For crystals with cubic symmetry, the 

crystallographic directions related to conditions 
(35) are shown by fig. 1, all these directions being 
isonormal. Thus, the first condition I (I.1, I.2, I.3) 
                                   
 
  
 
 
 

 
 
 
 
 
  

 
 

 
Figure 2. Principal directions for cubic symmetry 
 
corresponds to three equivalent directions along 
the principal crystallographic axes of the unit cell 
of the crystal:  is [100],  is [010] and  is   
[001]; the second condition II (II.1, II.2, II.3) 
corresponds to three equivalent directions along 
the diagonals of the faces of the cubic cell: [110], 
[101], [011]; the final condition III corresponds to 
three equivalent directions along the principal 
diagonals of the cube [111]. 

In order to identify correctly the type of 
wave related to its specific direction of 
propagation, the velocity c has a subscript to 
denote the direction of propagation of the given 

wave and a superscript also, to denote the 
polarization of the wave. For example, the 
symbol  represents the velocity of 
propagation of a longitudinal wave along the 
direction [100] which is  axis (fig.1). Because 
the superscript is identical to the subscript in the 
case of the longitudinal waves, the superscript is 
replaced by the index l. For a transverse wave, the 
symbol , for example, represents the velocity 
of propagation of a transverse wave along the 
direction [010] which means the  axis (fig. 1), 
with displacement along the direction [100] which 
is  axis. 

Case I. From (35), the first possible 
situation (I.1) is described by 

, the amplitudes of 
displacements being , , 
according to (33). These values are substituted into 
equations (22): 

    

The result of the previous system is: 
                             (36) 

It is obviously that the other two situations 
(I.2 and I.3) lead to the same value for the 
velocities of propagation of some longitudinal 
wave ( ). 

Case II. According to (35), the second 
possible situation (II.1) is characterized by 

, from (33) the amplitude of 
displacement being . Knowing that 

, the components of the normal 
vector on the axis x1 and the axis x2 are  

 . These values are substituted into 
equations (22): 

  

Discussing only about the first and the 
second equations, it can be noticed that  and  
must be different from the trivial solution. For this 
reason, the determinant of the system must be 
equal to zero. The solution of the resultant 
equation is: 

                     (37)                     
From (37), the negative solution gives: 
              (38)                     
The second solution from (37) corresponds 

to the transverse wave (as it can see in the 
paragraph 2.2.3, case II, point b): 

 

 

O
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                      (39)                          
Notice. The same result will be getting, 

using data from II.2 and II.3. 
Case III.  The third situation from (35) 

corresponds to the [111] direction. It is easy to 
notice that the relation  provides 

. Replacing these values into 
equations (22), the system becomes: 
     

                       

 
                       

 
                       

In order to obtain the nontrivial solution 
( , , ), the determinant of the 
previous system must to be equal to zero: 

                                    (40)                      

where: 
   and                 (41)                                     
  Expanding the determinant (40), the next 
equation results: 
                               
  The study of the solutions of the latest 
equation leads to these conclusions: 
a). The solution  means (using (41)) that the 
first solution of (40) is: 
                                          (42a)                                     

b). The equation  provides the 
next two solutions of (40) which are: 
                                      (42b)                                

                                          (42c)                                          
 It can be noticed that the solution (42a) is 
identical to (42c), this situation being characteristic 
to the transverse wave as it can be seen in the 
following paragraph. It comes out that the solution 
(42b) represents the velocity of propagation of the 
longitudinal wave: 
                                   (43)                                   
 

2.2.3 Velocities of propagation of 
transverse waves along isonormal 
directions. 

For the transverse waves, it is necessary to 
include the condition  (expressing that the 
different directions of the displacements -the 

polarization- must be perpendicular to the direction 
of propagation), the conditions of propagation 
being the same as in relations (35). 

Case I. Substituting the values from (35), 
 (situation given by I.1) into 

the condition (19) , the 
results are: , , . On the other 
side, the values  are introduced in equations 
(22): 

             

From the last two above equations, the 
velocity of propagation is: 

                             (44) 
This result (44) is identical for the 

transverse wave propagating along any axis of the 
cube ( ) and for any 
direction of the displacement and also identical to 
the velocity of propagation for the transverse wave 
propagating in an isotropic solid. From this reason, 
the superscript which denotes the polarization of 
the wave is replaced by the symbol T. 

Case II. The next situation from (35) gives 
the values  (or , 

). Talking about transverse wave, it is 
important to establish some details: 
- the direction of propagation is [110]; 
- the polarization of the wave, respectively the 

vector of displacement  can be perpendicular 
to  plane (fig. 2a) or it lies in this plane 
but being perpendicular to  (fig. 2b). 

 
 
 
 
 
 

 
a.            

 
 
 
 
 
 
 
                                            b. 
 Figure 2. Polarization directions 
 

a). Since the direction of the displacement 
of the transverse wave is parallel to the  axis, 

 O

 

 

O
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given by the direction [001], the components of the 
vector  are: 

       , ,                 (45) 
Replacing the values  into the condition 

(19), the relations (45) are completely verified: 
. In this situation, the 

equations of the system (22) are: 

                    

The last equation yields the solution: 

        (46) 
b). A transverse wave propagating along 

[110] is considered, the vector of displacement  
being in the plane  (fig. 2). In this situation 

. The substitution of the corresponding 
values of  in condition (19) gives the relation: 

     
In these conditions, the equations of the 

system (22) become: 
   

                                

                

                                             
                         
Using only one equation from the previous 

system (because the both equations give the same 
result), for example the first equation, the velocity 
of propagation is: 

                 (47) 
It can be noticed that: 

-   is the direction belonging to the plane 
 perpendicular to the direction [110]; 

- the solution (47) is identical to the solution 
(39), expectable result on the other side. 

Case III. Considering a transverse wave 
propagates in [111] direction with arbitrary 
polarization, from (35) the components  are 

 . The condition (19) assumes 
the following form: 

             (48)                             
Taking into account the previous situation, 

the equations of the system (22) are: 

 
                  

 

                  

 
                   
Applying the result  from 

(48) into the first equation of the above system, the 
velocity of propagation is: 

               (49) 
The result (49) is identical to (42a) and 

(42c) as we expect. The same value of the velocity 
of propagation for transverse wave (49) could be 
obtained using the second or the third equation 
from the latest system. 

 
  3. NUMERICAL EXAMPLE 
 
 It is very useful, not only theoretically but 
for all experimental applications to correctly 
evaluate the three velocities of the elastic waves, 
along any possible direction in any given material. 
The slowness  which is defined as  is 
commonly used instead of the velocity.  It is 
known that for an anisotropic material, the 
direction of the group velocity differs from the 
phase front direction. It has been proven that the 
group velocity vector of the bulk waves in a purely 
elastic material is perpendicular to the phase 
slowness surface [5]. This fact motivates the 
choice we make to plot results from numerical 
simulations as slowness instead of velocity.  
 
As example has been chosen silicon (Si) widely 
used in computer technology, for which the 
following constants have been used: mass density 
2330 kg/m3, C11=165.7 GPa; C12=63.9 GPa; 
C44=79.6 GPa. 
 

 
Figure 3. Slowness surfaces for silicon 
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Figure 4. Slowness plots along the x2=0 plane 
 
The slowness surfaces in Figure 3 are obtained by 
selecting 120 azimuth angle values between 0° and 
360° and 30 elevation angles between 0° and 90° 
and solving the eigenvalue problem stated by 
equation (14) using the particular expressions from 
(21).  There are no other imposed conditions, so 
that all possible solutions are obtained. The 
smallest values of the slowness correspond to the 
longitudinal waves. After this global image, cross-
sections at fixed azimuth angle of 0° in Figure 4 
and respectively of 45° in Figure 5, provide more 
detailed information. It can be remarked the strong 
influence of the direction of propagation, even for 
the longitudinal wave: 0.12 µs/mm along the [100] 
direction and 0.075µs/mm. In Figure 4 there are 
three directions for pure longitudinal wave 
propagation: [100] which is along the abscissa, 
[001] along the ordinate and [101] the first bisector 
direction. For all other azimuth angles, the L wave 
is in fact quasi-longitudinal, not verifying 
condition (18).    

Figure 5. Slowness plots along the x1=x2 plane 
 
The two transverse waves have identical slowness 
values along the [100] and [001] directions as 
predicted by eq. (44). However for all other 
elevation angles in this plane, higher slowness 

(lower velocity) is obtained for the “vertical 
polarization” indicated in Figure 2.a. In Figure 5, 
along the vertical [001] direction the two 
transverse waves have the same values, but as the 
elevation decreases, the wave with “vertical 
polarization” has higher slowness down to the 
[111] bisector direction when equality is noticed as 
predicted by eq. (49). Along the [110] direction, 
which corresponds to the abscissa in Figure 5, the 
wave with “vertical polarization” has a smaller 
slowness predicted by eq. 46, that that of the 
“horizontally polarized” wave as predicted by eq. 
47. The Figure 5 is in fact a projection of the 
slowness curves on the Ox1x3 plane, reason for 
which all values are affected by a cos45° factor.  
Such plots can prove very helpful in understanding 
the complexity of wave propagation in anisotropic 
media. 
 
4. CONCLUSIONS 
 
The problem of elastic waves propagation in 
anisotropic media is presented with less details in 
textbooks and is also more difficult to understand. 
The theoretical aspects are here deduced and 
presented in every detail. The principal directions 
of propagation are rigorously deduced, along 
which pure longitudinal and pure transverse wave 
can propagate. A global image of velocities as 
magnitudes and orientations can be obtained using 
the computer code developed during this research. 
The example of silicon is presented. 
 
ACKNOWLEDGMENTS 
 
The authors acknowledge the support of the 
Romanian CNCSIS research grant no. 123, UPB 
IS25-07-01/2007. 
 
REFERENCES 
 
[1] Shutilov V. A., Fundamental Physics of Ultrasounds, 
Gordon and Breach Science Publishers (New York, London, 
Paris, Montreux, Tokyo), 1988 
[2] Iacob Caius, Mecanica Teoretica, Editura Didactică si 
Pedagogică Bucureşti, 1971; 
[3] Voinea R., Voiculescu D., Simion F., Introducere in 
mecanica solidului rigid cu aplicaţii în inginerie, Editura 
Academiei Române, 1989; 
[4] Soós E, Teodosiu C, Calcul tensorial cu aplicaţii in 
mecanica solidelor, Editura Ştiinţifică şi Enciclopedică, 
Bucureşti,1983. 
[5] Nayfeh, A.H. Wave propagation in layered anisotropic 
media, Elsevier, 1995 
 
 

 

L 

Th

L Th  

Tv 

Tv 

ThTv 


