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The analysis of wave propagation in anisotropic solids is presented with more or less details in
classical textbooks, from fundamental equations to specific conclusions. In the present study are
deduced with all the mathematical details, the directions of propagation of pure longitudinal and pure
transverse waves in an elastic solid of cubic symmetry. The elastic tensors are obtained in a rigorous
manner and mathematical conditions are imposed for the existence of the fundamental longitudinal and
the transverse waves. The obtained formulas are useful for inverse problems such as material elastic
constants determination. It is thus obvious that the fundamental waves remain pure only along several
directions of propagation, in the sense that it no energy transfer takes place among these types of

waves. A practical example is given.

1. GENERAL ASPECTS ABOUT WAVE
PROPAGATION EQUATIONS

Being an anisotropic medium, the equation
of motion of a crystal in the general form, in the
linear approximation is expressed by the relation:

iy depp

82 T Bap (1
in which gy is the density of the anisotropic
medium, ; = 3, 1,35 1S one component of the
displacement vector 1_{’, X, = X1, %,%3 1S one axis

of the Cartesian system (rectangular coordinate
system), and 7;, is the tensor of stress given by a

product of contraction [1,..,4]:
Eig = Tt Sy ()

In the latest equation (2), €y is the tensor of

the elastic moduli (a fourth order tensor,
L L F=143) and £;; is the tensor of strain; for

small deformations, according to the definition, for
=123 and f= 123, one component of this

tensor has the expression:
=it 'fi]
E':-'f 2 (E-x; + &y, (3)
The equations (2) and (3) are introduced in
equation of motion (1), the obtained result being:
gy L( F iy

e
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Because the tensor £z is symmetric relative
to the second pair of indices (€7 = Cixz) and in
the expression qkﬁrﬂ'gutfﬂ‘xkrﬂ‘xf it is made the
inversion of the indices ! and j, it is found that in

the equation of motion, both terms in parentheses
are equal:

Pup Eifay Ay
C%k.‘j_ﬁxwxj = G gy B Cikti Fandar
Therefore, equation (4) becomes:
8%y oy
o T i 5
g T Ft”-"ﬁ.n-ﬁaﬁ (%)

In the case of the plane monochromatic waves,
. . =
the solution for the displacement vector i can be

written with the help of the relation:

1 lmax . -
Ug b= Ugmgy g g0 VTR i (6)
L] Kamay

where: Wmgy 1S the amplitude of the displacement
—

(¢ =1,2,3) independent of position and time, & is

the wave vector and T is the position vector.

Considering 7 as the unit vector normal to the

wave front and cy as the propagation velocity of

sound, the following expressions are -clearly
defined by:

k= |H"-{= |H€ﬂlf1+ mgl; + Malp) =
wi + +
= E—P(TF'I Ly + oty + Tﬁﬁ-ﬁ)

RJAV vol IV no 2/2007

63

ISSN 1584-7284



'IT=.'¥':|_E_+.'3F:I; 'f'."tf'g-lrg
I
fer =E(ﬂ-13{'1 + mgxa + NigXg) @)

In accordance with equations (6) and (7),
one component of the displacement vector can be
expressed in the form:

t:.rt-i';i'h_.rf_-in;x Argay
Uy = U+ 8 e : ] (8)

From the relation (8),

equations are easy to obtain:
B . &

the following

Be W T T TN
Eay u e I .
E\.Ti - iﬁpﬂi‘{t ) Eﬁ'ﬁaﬂ.i - Fénk%“ﬂ’

i=123and k=123
Using the above results, the equation of
motion (5) is:
PG5 - by = Caeyp M - Ty + iy )
It is known that the Kronecker delta, &; i 18
equal to one if i = and d;; is equal to zero if
15 [, therefore it can write 1U; as ;= &k

Introducing this symbol in equation (9) and giving
up to the zero indices that are suited for the linear
approximation, the result is
f@ €% 8y — Capiz M i Ju = 0,
=123
It is easy to demonstrate that the last term
of the parentheses in equation (10) represents a
tensor as being the result of a product of
contraction, a second order tensor,
lif = €y * Mg+ My this demonstration  contains

(10)

two steps:
a. Epp = Cupp® My
zii_.- = i f"-“l;; = Ol Ol e ey S tona i Tl =
= ﬁrsﬂrt%niawwfmm}ﬂw
ZI::_;-' = e ety i‘fﬂftmﬂw} =
= O U Clpm Zsem = tEf
b. Ly =2y M

I3 k
Tip = Zipp = My = ol e Koo e M =
= Gz Cnn Grudaom My

I'E.:.,- = S mEsum My = Gasmlam = I'E.‘]._-
Indeed, the product of contraction is a
second order tensor T} ;.
Finally, relation (10) has a new form:
fo %8y —Tihuy =10 (11)
Expression (11) forms a system of three
homogeneous linear equations, the three unknown
quantities being u; = &, %5,45; for nontrivial
simultaneous solutions, the determinant of the
system must to be null:

(12)

This equation (12) is a cubic equation for ¢2
which, in general, has three roots depending on the
directions of propagation of the plane wave, where
c? is the square of the velocity of propagation. The
velocities of propagation of longitudinal and
transverse waves in different directions are related
to different dynamic elastic moduli ggy;. By

@ €% @ —Ty| = @

measuring the velocity of ultrasound in some
sections of the crystal, like crystal samples whose
faces are cut perpendicular to a chosen direction, it
can be found the elastic moduli.

2. INTERDEPENDENCE BETWEEN THE
ELASTIC MODULI AND THE
VELOCITIES OF PROPAGATION OF
ULTRASOUNDS IN CRYSTALS
In relation (6) some symbols are
introduced:

My (W) -
g b=l gliae—k 73 (13)
Niig i Lo

Using equation (13), the associated matrix
expression of relation (11) is:

'E'Fl 11 I;.E I-I:lﬂ J:L
petilyr= T3y Tog DGa|ids
ki1 31 Pﬂ! I':"'_ﬂ rﬂ‘

Expanding the above expression, it is
obtained the following system of equations:
pcilly = Tgth + Tl - Tl
pely =Tnlh + Mgl + Talh
pc* Uy =Taqth +Taolly +Taalfs

(14)

2.1 Calculation of the elements of the
tensor T

Being a product of contraction,
Iif = Gumap - Mg+ my, this tensor is a product by
summing after the “mute” index, as follows:

2 2
[i; = Zzﬁk:fﬂﬂh =
E=L =L

3
= Z{":{klﬂl?{“l + CggeTiyTig + feka:?lk’”a)
k=1

lip = Cagttty + CaaMalty + CragMally =
tCu 2 Mg -+ Cpag Moty + +EigaMighty +
Ty Tg T Ciogetigily T CiggyMgtly  (15)
Because, the fourth order tensor gy is
symmetric relative to the first and the second pair
of indices, the next relation are true:
City = Crety = T = O = Crpie = Cppie = 000
As a result of the previous statement, the
independent elements of the tensor ¢y, are
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presented in the first (upper) part of the relations
(16), in the second (low) part of (16) being the
shorter notation of these independent elements:

f1111  C11g7z G118 f123 G113 Cl1as
k2222 Wwzzme  Wzzzm W2z1m E2on
f3gaz  Cizmzz “ame  CEaEug
Cz23za Cimiz  Cimiz
flgaz  fg1e
1212
(16)
SLL Sz ClE Cls ClE Sl
€322 C23 Coe 34 C2e
Cag Cas Cas 31
Caa Ees Cae
CeE Ceg
Ceg

Taking into account the relations (15) and (16), the
elements T; ; are:

11 = Guaah] + Gy iy + Gragy iy +
+ry g ieggy + ea) H e leiagg + Gaan )
+rgtiglciagy + Czan )t =

= 6q1] + Cgand + cggnf +myng ey + epe) +
g fgleyg + o g +
TatialCoe + Coald =
= f,_.,_f.l-LE + f.g.ﬁ:n.g + rﬁﬂ.g + 2g cngt -
20 gy Mg + 205 e (17a)
T = E3142Mf + €a000M3 + Eoppon} +
+ryfgfeaais + fa120) + manalems + caae) +
+ugreafazag T Cagan) =
= Ceehty -+ Coant] -+ o] +nynglene +eae) +
1 Mg (s + Tael + MaMalny + ca) =
= Ceent + cagttd + caamd + 2eaemyng +
tdCag iy Mg 2604 Mo My
[33 = Cpa1afy T Caaoana T Cianaly +
+1yfgfeag1g + Ca12a) + Mg leaain + Cagan) +
+1attalTanos + Cazan) =
= cgahif -+ Cyant] -+ Caan] +nangleg +ogg) =
+ngngloge = egel +ngnglegy + cpe) =
= ISE,E,'F}.:E -+ lf.;.;?lg -+ CEET}.% -+ 2'5.;5‘1‘11‘1‘}.2 -+
'1‘2555‘1‘11‘1‘15 -+ 2'53.;'1‘12 Ty
Mg = €113 * G103 h3 + Gramnti +
vy era13 + t1128) g rafeians + c11aad -
+1gnghfiags + Sgaat =
= C1ghy -+ Cyent] -+ Cagn] -+ myna(eae + c1re) +
+rgnghoe + oygltngnghcss + oga) (17d)
[z = “-’5:1.1.&’-'*5 -+ fzsza"‘lg -+ ‘f&&&aﬂg +
+ryfofeaas + fa128) + Manalems + canas) +
g €500 + Cazan) =

(17b)

(17¢)

= Cgehty + Coqtt] + Cpenth +myntgfes + cael) +

+ny1g{ces + cag) + ngnafegs + c2a) (17¢)
Tz = €1112Mf + C1202m3 + Cyzagny +
+ny1a{C1a1z + Craa) -+ MatalCraag + Cragel +
+ngrglcingg + Cuone) =
= e1gnf + cggnd + cagnf + mymgfegs + e1p) +
g rgfens + cued bl - cad (171)
Notice: a). Ijg =151, [z =15z, iz = T[54

b). According to the result (17d), the fourth
relation from (X1.10b), reference [1], has a
mistake.

Some important remarks concerning the
longitudinal and transverse waves are necessary, as
follows:

a). In order to find a purely longitudinal
wave (the remaining two waves in this situation
must be transverse), the condition is that the vector
displacement U must be parallel to the normal
vector 7, that is W @i =0. By expanding the
known determinant, the resultant expression is:
(U ng — Ughg )y + (Uamy — Thng )iy -+

+'|:14TJ_ flg — ﬁgﬂﬁfﬂ =1

The coefficients of the unit vectors being
null, the condition of collinearity of the vectors u
and n (or i = .ﬂ.ﬂ) assumes the relation:

B_B_E
My - ey - Mg (18)
b). For the propagation of purely

transverse waves, the condition satisfied by the
vectors 1 and 7 is i - . = @, that is:

DI:_TLL'{" i.fg'l‘l;'l" Ea'l‘l3= & (19)

The relations (18) and (19) give the
possibility to select from the solutions of the
system (14), the particular ones that verify these
relations. In the same time, the conditions given by
(18) and (19) determine the directions in a certain
crystal along which purely longitudinal and purely
transversal ultrasonic waves can propagate. These
directions are named isonormal directions.

2.2 Determination of the
relationship between the propagation
velocities of ultrasounds waves and
elastic moduli for the cubic crystals.

2.2.1 Isonormal directions of the
cubic crystals (anisotropic medium)

It is known [1] that for cubic crystals there
are available twelve elastic moduli among which
only three are independent:

f11 = C22 = (g
€2=Fu = =F= ¢ = (20

Cge = Cgg = Cee
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Using relations (20), equations (17a,...,
17f) become:

[i; = ?liﬁu'l"?lg E.;.;'f‘?l%f.;.; +dnang O+

2'111'1‘13 -+ 2'1‘11'11-; |

, that is: i ) )
I11 = ey ng -+ cgeni -+ cggng
Ty = Cgghs -+ E1a M3 -+ Eqn)
Iog = Caqni +cgqnd +epgni (2D
Nz = a1 = (€gq + c12)m Ny
[ =I5z = (Gas + Gralnama
[z = Toy = (Ceg +c1amamy
Taking into account both the expressions

(21) and the relation |7i|?* = 1 =ni +ni + nj the
system of equations (14) assumes the form:

{oc® — caaly = (a1 — cagdnily +

+{eyg + Caglmy gty + (E1g -+ Caglry mg Uy

(ot — caqdthy = ey + CueltgMiglh

+{cry — el + (o1 + caglngnalhy

foe® = cpullly = ey + cpglrgnall

+{c12 + Caalngnalh + (e11 — caednilh 22)

Equations (22) are divided by r.. and the
following notations are made:

rgnta Tgp— Go=g
[ = —— “;E]=_l‘+; :‘a=_ﬂ “;
Taa Cas 5 Gaa
Mag=r Fr
=g—bh=-—S—t—% (23)

Faa

{ng +ug +ng =13}

The system of equations (22) can be
rewritten in a matricial form as:

b'.rl:f amghy  anghg |k oy
amyt;  dng  anghg { :}: A{ 2 (24)
iy angng  bnd |\a Hy

From (24), it can be noticed that 4 is an
eigenvalue and the characteristic polynom is given
by:

brli -4 angny iy Ty
amygty dns—4  angng (26)
Gy  GMally  Bhne—

Applying admissible transformations such
as: in line 2: ny-line 2 - nyline 1, and in line 3:
ny-line 2 - ngline 1, the matrix (26) becomes:

bul -4 ity Atiglip
g L4+ (o B3] =4 +(a— bS] o (27)
rio L4 (= briE] v =l (o= Bl

Or introducing the symbol B from (23), the
above matrix is:

mf-4 iy Mg @y Ty
ngfA+End) —ny (4 + End) 0 (28)
nafd + End) o —ny (A + Bnd)

According to (28), the system of equations
(24) has the following form taking into account
that 4 is an eigenvalue:

bl —a Aty Gl i
gl A TEn  —t(4+Eu b % J %U} (29)
Bl AT En 0 =i A Eni)

It is easy to notice now that the system of
equations equivalent to (29) contains the equations:
{E'Tli - A}Efl = @ty g EEE -+ ﬂﬂlﬂaga =

ngfd -+ Enf)th —miA+ Bndila =0 (30)
nald + Bnf)th — n (A + Bnd)ls = 0
The second and the third equations of the
system (30) yield the possible solutions:

M e
B = I =— [ =—E 31
e a.-w»* a2 d+End "% d+pnd (D

Introducing these expressions (3 1) in the
first equation of the system (30), successively the
next relations are true:

a). (bnf — AXA + BniX{A + Bnj }nl +

+amynifa + Eni){A+ Bnd) +
+anyngid + Bnf){A + Bnf) = 0
b). —4% + 43{bny — Eng — Eng + ang -+ anj) ~
+A(BININE + Bdnind—B%ning + Baning +

+EBanint + Baning + Bansnt +

+Bb + 2adnfning =0
). —A%+ A%b + ABfa+b) +

b:rl:f -4  aryns T Thy a- AL T
PiA)=|amyn, -1 angny|=0. +{"'f:1‘."'1§ -+ngng +ngngl+
amia  @Mghy  Bnd —2 +5%2a + biningng =0 (32)
Finally: T.he lgst relation from (32) and the relation
FA) = —.e'i-E + b .e'i-‘ + J{ﬂ“‘lﬂb + &2 ?LJ_rL (25) are identical, therefore thq statemel'lt that the
+aénd ﬂ-& B2 ﬂlﬂ b Tl:l.r"la solution (31? represents a possible solution of the
—pins ﬂﬂ}-i- 2:13?&?1 ?13 _ system (22) is a correct one.
3a2bnndnd + Ej ndndnd - Using the notations from (23), the
‘ T . solutions are:
If A=4 and after combining similar terms, P My .
including the symbol B from (23), the 1 ._d'_l-?fni “a4 'fﬂci—:“j-ll\c%—c“_-l-":.‘.‘ﬁrl ’
characteristic polynom F{4) — @ becomes: h=——=q z - ; (33)
—AE-I*AE? ":‘-‘m{ﬂ"' E—}{ oo '|'?ln41?la+ _ &-:-?En*_ N'ﬂ:‘-:«?-ﬁ:ﬁ;—: aF Togeimd
ningd+ B2 26 + bnjnang =0 (o5 - Rrrrr bl P
For A= 4, from (24), the matrix which
gives the eigenvectors is:
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2.2.2 Velocities of propagation of
longitudinal waves along isonormal
directions.

Applying the condition of isonormality
(18) to the displacement amplitudes (33), the
components of the unit normal vector must satisfy
the relation:

fig i ThE:
A+EnE _ A+Pnk _ A+BEnk

(34)

M Mg T8
These formulas (34) give all possible
directions in the anisotropic crystal along which
purely longitudinal (and purely transverse) waves
can propagate. Considering the symbol B different
from zero, relation (34) is true under the following

conditions:
L {I.E‘n; ='l.;?1]_=‘.r13 =€-|,
1.3?15=1-F Ty = tg ={
:I.'iﬂl = Mg, Hg = i}
II. 41

I.j. ﬂ:=i§ﬂ;=ﬂﬂ=ﬂ

1.2'?11 =ikgy tkg = o,
1.3?13 =g, T = a
Ol 1y =, =ng
For crystals with cubic symmetry, the
crystallographic directions related to conditions
(35) are shown by fig. 1, all these directions being
isonormal. Thus, the first condition I (I.1, 1.2, 1.3)

(35)

x4 [011]
”
[101] XAt
S ] //'
v
\ ¢
/ X
0 , 2
™~
%, ™ 1110]

Figure 2. Principal directions for cubic symmetry

corresponds to three equivalent directions along
the principal crystallographic axes of the unit cell
of the crystal: x4 is [100], x- is [010] and xj is
[001]; the second condition II (I.1, I1.2, IL.3)
corresponds to three equivalent directions along
the diagonals of the faces of the cubic cell: [110],
[101], [011]; the final condition III corresponds to
three equivalent directions along the principal
diagonals of the cube [111].

In order to identify correctly the type of
wave related to its specific direction of
propagation, the velocity ¢ has a subscript to
denote the direction of propagation of the given

]

wave and a superscript also, to denote the
polarization of the wave. For example, the

symbolf$g= EE:_.IE] represents the velocity of

propagation of a longitudinal wave along the
direction [100] which is x, axis (fig.1). Because
the superscript is identical to the subscript in the
case of the longitudinal waves, the superscript is
replaced by the index /. For a transverse wave, the

symbol EE‘JEE]’ for example, represents the velocity

of propagation of a transverse wave along the
direction [010] which means the x, axis (fig. 1),
with displacement along the direction [100] which

is x4 axis.

Case |. From (35), the first possible
situation (L.1) is described by
=1l n,=n;=0  the amplitudes of
displacements being £y =@, =10 =0,

according to (33). These values are substituted into
equations (22):
E{ﬂ"f: = Caa)h = (€11 = Caa 1T
G=0
a=a

The result of the previous system is:

6% = (cagg ) =2 (36)

It is obviously that the other two situations
(I.2 and 1.3) lead to the same value for the
velocities of propagation of some longitudinal
wave ('SECH-EE]'EEG'EH)'

Case Il. According to (35), the second
possible situation (II.1) 1is characterized by
My =MNg, N5 =0, from (33) the amplitude of
displacement being & =@ Knowing that
’.l'lf_ -+ r.l'il. -+ ’hg =1, the components of the normal
vector on the axis x; and the axis x, are

1 . .
My =m; =-5 . These values are substituted into

equations (22):
( Fgat faa

Ff.:':ﬁﬂ U, + C‘Ff.f.':ﬁﬁ _ FCEIIEEE
- -
O=10

Discussing only about the first and the

second equations, it can be noticed that [}; and £
must be different from the trivial solution. For this
reason, the determinant of the system must be
equal to zero. The solution of the resultant

equation is:
Er_r_"l‘ﬁ.“.

—ped |ty + sy, = g

0

n
-

n

- pet =

From (37), the negative solution gives:
c? = {efyyg) =TT (3g)
The second solution from (37) corresponds

e
to the transverse wave (as it can see in the
paragraph 2.2.3, case II, point b):

(37

cypdo
i -iﬂ kik
2
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et = ":;;‘ = {Eﬁf (39)

Notice. The same result will be getting,
using data from I1.2 and I1.3.

Case Ill. The third situation from (35)
corresponds to the [111] direction. It is easy to
notice that the relation 15 -+ n3 +ns = 1 provides

M =Ty =T = %E Replacing these values into
equations (22), the system becomes:
Coret — ragdlly, = (myy — "'raa}%ﬁ:l. +
+Eeyy -+ ‘fsq}%ffz + fegy -+ 3-;-;}% by

5 1
(e’ = caq)tly — oz + 'F-:-s}g b+
o1 — C-!-!}EEEE + few + 3-:-!.% by

" 1
(et — cpg )l = oy + ¢-;-;.}[§g:1. +
1 1
'H:Clg -+ C,;.;}EU: -+ ':'::L’L - :.;.;}E E-f&
In order to obtain the nontrivial solution

(B = U, Ly =0, By = 10), the determinant of the
previous system must to be equal to zero:

g F F
F B F|=0 (40)
P P E

where: )

F=fafiies_ 000, p = fite (41)

3 2
Expanding the determinant (40), the next

equation results:
E34 2F* =3EF*=10
The study of the solutions of the latest
equation leads to these conclusions:
a). The solution F == F means (using (41)) that the
first solution of (40) is:

2 Fum—ContCaas
(), = Secarien @2)

b). The equation B -+ EF — 2F* = 0 provides the
next two solutions of (40) which are:

{E:}E = m.—-ﬁ;ﬂrﬂﬂu (42b)
i, L
(¥ = T (42c)

It can be noticed that the solution (42a) is
identical to (42c¢), this situation being characteristic
to the transverse wave as it can be seen in the
following paragraph. It comes out that the solution
(42b) represents the velocity of propagation of the
longitudinal wave:

E'fﬁm_i];} - :;ﬂ;;;;-l#:H (43)

2.2.3 Velocities of propagation of
transverse waves along isonormal
directions.

For the transverse waves, it is necessary to
include the condition % » 7t = { (expressing that the
different directions of the displacements -the

polarization- must be perpendicular to the direction
of propagation), the conditions of propagation
being the same as in relations (35).

Case I. Substituting the values from (35),
1y = 1z ny =ny = @ (situation given by 1.1) into
the condition (19) &y * 1 + &y« @+ Uy 0 =0, the
results are: {fy =, £y = 0, Iy = 0. On the other
side, the values m; are introduced in equations
(22):

et — o) 0=10
foc® —cy) =0
fpct—ey)- =10

From the last two above equations, the
velocity of propagation is:

£ - Eﬁﬁw}‘ - (44)
This result (44) is identical for the

transverse wave propagating along any axis of the
cube (GES_-GE] = GEIE!'J-EE] = '55_1&1]) and for any

Cas
a

direction of the displacement and also identical to
the velocity of propagation for the transverse wave
propagating in an isotropic solid. From this reason,
the superscript which denotes the polarization of
the wave is replaced by the symbol 7.

Case Il. The next situation from (35) gins

the values My =ty g =0 (or ty =%g = =
M3 =0). Talking about transverse wave, it is
important to establish some details:

the direction of propagation is [110];

the polarization of the wave, respectively the
vector of displacement 1 can be perpendicular

to x1 &%, plane (fig. 2a) or it lies in this plane
but being perpendicular to n (fig. 2b).

7
0 >
1
1t
Ty
a.
X3
O >
u
7
T1y
b.

Figure 2. Polarization directions

a). Since the direction of the displacement
of the transverse wave is parallel to the xy axis,
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given by the direction [001], the components of the
vector ﬁ are:

B=00k=0>0H=0 (45)

Replacing the values ; into the condition

(19), the relations (45) are completely verified:

B },, + - %+ E, + 0 = 0. In this situation, the

equations of the system (22) are:

{ =0
(pet—cgel Uy =10
The last equation yields the solution:

2= f) = (cfag) =2 6)

b). A transverse wave propagating along
[110] is considered, the vector of displacement u
being in the plane x, Ox; (fig. 2). In this situation
By = @ The substitution of the corresponding
values of 1; in condition (19) gives the relation:
b= +Ei‘n-—+€1 0 - B — -5
In these condltlons, the equations of the
system (22) become:
2 . 1
(pe® = cagdly = (e —caa) ST +
+€|:12 + E.;.;::[é ﬁg
-
. 1
(e = cag)tly = (Er0 + Cag) SUL +
ey, = 5-;-;)? by
D=0
Using only one equation from the previous
system (because the both equations give the same

result), for example the first equation, the velocity
of propagation is:

z _ f [TWY _
= ':"‘II:U.':E]] -
It can be noticed that:
- |TTI@ is the direction belonging to the plane
a1 @x3 perpendicular to the direction [110];

F-’-"IF:

> (47)

- the solution (47) is identical to the solution
(39), expectable result on the other side.

Case Ill. Considering a transverse wave
propagates in [111] direction with arbitrary
polarization, from (35) the components ; are
#; =Ty =g =—= . The condition (19) assumes
the following form:

1 1 1
E&'E""‘ﬂg'ﬁ'i‘ﬂa'ﬁ—ﬂ (48)

Taking into account the previous situation,
the equations of the system (22) are:

o 1,

fopc? — cap)ly = lony — Ced gt +

1
+e1g + Cag)S (T + )

foe® — cgllh = ez + '3-:1":‘ EE“:. + Ug) -+

1
+{cyy — "«'-;-;}E £

. 1
lpes— cag )l = ez + ﬂ:-;}EW:. + L) +

+eas = Cee}iﬁa
Applying the result I + &y == from
(48) into the first equation of the above system, the
velocity of propagation is:
et = EEEJ_.U.]} = ZeamTaT i ;::.”“ (49)
The result (49) is identical to (42a) and
(42c) as we expect. The same value of the velocity
of propagation for transverse wave (49) could be
obtained using the second or the third equation
from the latest system.

3. NUMERICAL EXAMPLE

It is very useful, not only theoretically but
for all experimental applications to correctly
evaluate the three velocities of the elastic waves,
along any posmble direction in any glven material.

The slowness S which is defined as F‘x: c:ﬁ is
commonly used instead of the velocity. It is
known that for an anisotropic material, the
direction of the group velocity differs from the
phase front direction. It has been proven that the
group velocity vector of the bulk waves in a purely
elastic material is perpendicular to the phase
slowness surface [5]. This fact motivates the
choice we make to plot results from numerical
simulations as slowness instead of velocity.

As example has been chosen silicon (Si) widely
used in computer technology, for which the
following constants have been used: mass density
2330 kg/m3, C11=165.7 GPa; C12=63.9 GPa;
C44=79.6 GPa.

[ota

Figure 3. Slowness surfaces for silicon
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Figure 4. Slowness plots along the x,=0 plane

The slowness surfaces in Figure 3 are obtained by
selecting 120 azimuth angle values between 0° and
360° and 30 elevation angles between 0° and 90°
and solving the eigenvalue problem stated by
equation (14) using the particular expressions from
(21). There are no other imposed conditions, so
that all possible solutions are obtained. The
smallest values of the slowness correspond to the
longitudinal waves. After this global image, cross-
sections at fixed azimuth angle of 0° in Figure 4
and respectively of 45° in Figure 5, provide more
detailed information. It can be remarked the strong
influence of the direction of propagation, even for
the longitudinal wave: 0.12 ps/mm along the [100]
direction and 0.075pus/mm. In Figure 4 there are
three directions for pure longitudinal wave
propagation: [100] which is along the abscissa,
[001] along the ordinate and [101] the first bisector
direction. For all other azimuth angles, the L wave
is in fact quasi-longitudinal, not verifying
condition (18).

w10t
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Figure 5. Slowness plots along the x;=x, plane

The two transverse waves have identical slowness
values along the [100] and [001] directions as
predicted by eq. (44). However for all other
elevation angles in this plane, higher slowness

(lower velocity) is obtained for the “vertical
polarization” indicated in Figure 2.a. In Figure 5,
along the wvertical [001] direction the two
transverse waves have the same values, but as the
elevation decreases, the wave with “vertical
polarization” has higher slowness down to the
[111] bisector direction when equality is noticed as
predicted by eq. (49). Along the [110] direction,
which corresponds to the abscissa in Figure 5, the
wave with “vertical polarization” has a smaller
slowness predicted by eq. 46, that that of the
“horizontally polarized” wave as predicted by eq.
47. The Figure 5 is in fact a projection of the
slowness curves on the Ox;x; plane, reason for
which all values are affected by a cos45° factor.
Such plots can prove very helpful in understanding
the complexity of wave propagation in anisotropic
media.

4. CONCLUSIONS

The problem of elastic waves propagation in
anisotropic media is presented with less details in
textbooks and is also more difficult to understand.
The theoretical aspects are here deduced and
presented in every detail. The principal directions
of propagation are rigorously deduced, along
which pure longitudinal and pure transverse wave
can propagate. A global image of velocities as
magnitudes and orientations can be obtained using
the computer code developed during this research.
The example of silicon is presented.
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