About of the Non-Harmonic Periodical Signal Spectrum
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The spectral function of the non-harmonic and periodically signal can be determined virtually on two
ways: direct from the signal equation with the Fourier’s transformation or from his harmonic
components determined with the Fourier’s series. If the both forms - the pure signal equation and its
Fourier’s series components - describe correcttly and completely the same signal on two different
analytical ways, the spectrum in both cases must be the same. The work presents a comparative
analysis of the spectrum in the both cases and an idea of Louis de Broglie.

1. INTRODUCTION

We have a signal with a finite endurance or
time length, described by a real time function f (t)

defined between two concrete moments t1 and to,
teftytp], mostly t;=0. The Fourier’s
transformation of the function f(t) is

+oo try
F(jo)= [e 1M (tht=[e It (tpt (1)
—0 tl

with j=+/—1. After development we obtain a
complex expression with real and imaginary parts

F(jo)=Re(F(jo)+ jIm(F(jo)) (2

The module of the transformation, named
S(w), is a real function dependending on the

pulsation @ only and represents the frequency
spectrum of the real time function f (t):

s(@)=+[Re(F(j@)2 +[Im(F(jo)? (3

The expression (3) contains the component
frequencies of the function f (t).

If f(t) is a periodical time function with an
own pulsation @q and period Tg =27/awq , this
function can be exactly analytical described with

the Fourier’s series (4). Mostly the terms from
order k of the Fourier’s series are considered until
now upper harmonics of the basic signal f(t) and

all this harmonics can excite different resonant
devices on the frequency kayg .

e 0]
f(t)=ag + Y ax cos(kmgt)+
k=1

+ > by sin(kapt)=ag + > gk (t) (4
k=1 k=1

o0
=ag + Y Ay sin(kapt + gk )
k=1

where
1T
ag == [f(t)t;
T 0

T

ay :éjf(t)cos(ka)ot)dt (5)
0
2T
bk = = [f(t)sin(kapt dt
0

Any component gy from order k has

amplitude Ay =,/a£ +bl§ and an angle of sine

signal ¢y =arctanay /by .  Virtually, the
transformation (1) can be applied on the original
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form of the signal f(t), or on the Fourier’s series
(4), the booth forms are theoretical equivalent.

2. SPECTRUM OF THE PERIODICAL
SIGNAL

In [2], [4], [5] is detailed presented an analysis
of the sine signal with amplitude A, pulsation wg
and endurance from n periods Tg. This signal
contains a spectrum with spectral amplitude in wg
given by the next form

S(ap )= An—"— (6)
2]

Thereby an infinite signal in the time (n —> )
has an infinite spectral amplitude. The central
bandwidth of the spectrum designed with W in the
point wq figure 1 [5], decreases with the values of

n

@g 109
Figure 1. Spectrum diagram of a sine signal

W=2d=2% 7)
n

The maximum value of the spectrum Spyax »

higher as the value given from (9), appears shifted
to left in ratio to @ . This deviation becomes littler

if n increases. The spectrum of the sine signal
characterized from amplitude, bandwidth and
deviation from g is intensively depending on its

endurance measured not in time units, but in
multiples n of its own period. We designate this
endurance as relative endurance T, , in our cases

Ty =n.

If a periodical signal f(t) has the endurance
At=iTg, a component from order k of the
Fourier’s series (4) has its own relative endurance
Ty, =Nk =ik . Therefore every component from
order k of (4) has a bandwidth Wy in the points
ok =kaog given from

s@ |,
11 interspace with 1 interspace with
Smax w W e
S@o) £ thewidth d=—0 | the wideh d=—2
W + »
|<A></d ><A HA;LAHQ
0 V ®

Wy = 2d —2520 220 ®
ik i
namely the same bandwidth for all components,
independent from order k.
The spectral amplitude of the component from
order k emanates from (6) and it

S(wy )= Ayik ——= Agi = ©)
kag wQ

depends only on the amplitude of the component
and on the relative endurance of the periodical
signal i.

In order to show a concrete effect of the
transformation (1) on the both forms of the signal,
namely pure analytical form and its analog form
(4), we chose as non-harmonic periodical signal a
rectangular symmetrically signal described from
the function

E, 0<t<pTp
’ (10
Ta, pTo <t<Ty

where a=the amplitude, p=space factor of the
wave, O<p<l1.
The Fourier’s terms of the signal (6) are

ag =0; ay =%sin(2k7r p);

by = - [1- cos(2kz p)]
kz

The components from order k have the form

gk (t)= A sin(kapt + ¢ ) (11)
where
2alsin(k p)
p =L - -2
k kz an(e) tan(kz p) (12)

If p=1/2 the wave is complete symmetric
and contents only odd terms, k=1,3,5---,

Ak =—, ¢k =0

kr (13)
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The transformation (1) applied at the signal
(10) with p=1/2and i = one period Ty bring to

S(w)=-2 [6-8cog 72 |+2cod 27-2 | (14)
20 ap ap

and the amplitude on the
o = oy =Koy becomes

frequencies

2a

— k=135
S(wy )=1 kg (15)
0,k=246-
From (9) and (13) we obtain
S(oy )= AgikZ— =28 T _ 28 (3¢

kog kz kog kaog
the same value from (15).

A graphical display of the spectrum of the
signal given from (10) is to see in the figure 2 and
the figure 3 shows the spectrum given from the
Fourier’s series components.

Every term from Fourier’s series has a spectral
diagram like figure 1 and the summation of the
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Figure 2. Spectrum diagram of the signal given
from (10) with a=1, T;=0.1s on i=1 period.

diagrams of all term gives the diagram from figure
3. Every term has in spectrum more frequencies
with periodical maximums in two sidebands
located at left and at right from its pulsation
ok =kog and these summated sidebands for
k =1---00 give together the common spectrum of
the signal (10).

The difference between Figure 2 and 3 appears
I : C . S

only 10 terms. In figure 4 is clear visible that for
littler number of term k the difference becomes
greater.
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Figure 3. Spectrum diagram of the Fourier’s series
terms for the signal given from (10), same scale as
in figure 2
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Figure 4. Same spectrum diagram as in figure 3,
but with k=5 terms

3. CONCLUSION

The spectrum of the periodical signal can be
determined with Fourier’s transformation applied
on the function of the signal f(t) or on the

Fourier’s series components gy (t). If the

endurance of the signal is short and contain only a
few period Ty, the spectrum contain a central

component around of the g with a very large
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bandwidth W and a maximum value left shifted
from wq . Every Fourier’s series component gy (t)

of the signal f(t) presents same characteristics.

Therefore the Fourier’s components can not give
the complete spectral components of the signal
especially at signals with a very short endurance as
earthquake, explosions or shock.

The signals with very large endurance offers
small bandwidth in spectrum and the maximum
values of any spectral component are located very
near on the Fourier’s series component gy (t).

Accordingly, the Fourier’s series give not exactly
the spectrum of the really signal with a finite
endurance. Louis de Broglie say [1]: “the Fourier’s
components (given from (4) and (5)) exist not
effective; these exist only theoretic in the think box
of the ideologists. The entire interferential theories
were inaccuracy if the Fourier’s components exist
effective”. Louis de Broglie contests the real
existence of the harmonics from Fourier’s series
and our work demonstrates that, analytically, the
Fourier’s series offer the same spectral diagram of

the signal but the Fourier’s components don’t
represent exactly the spectral components of the
signal.

The Fourier’s series is only an analytically
equivalence of the periodical signals and not a
spectral marker.
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