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In our paper we describe a two degrees of freedom non-linear neo-Hookean oscillator. For this system 
we obtain the equations of motion and the equilibrium points. We also discuss the stability of these 
equilibria. 

 
 
 
 
1. INTRODUCTION 
 
 The model proposed is captured in figure 
1. It consists of two masses 1m  and 2m  linked by 
two springs. The first spring is a linear one and its 
stiffness is k . It links the first mass to the fix 
external world. The second spring is a non-linear 
neo-Hookean one and it links the two masses one 
to another. The second mass is acted by a constant 
force F . The system is horizontal, thus the weight 
forces do not influence the motion. The force that 
appears in the second spring is assumed to be 
 

2
2
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kzkFe −= , (1)

 
where z  is the elongation of the spring. The 
system has two degrees of freedom, name them: 1x  
and 2x , the displacements of the two masses in the 
horizontal direction. 
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Figure 1. Mathematical model. 
 

 For the beginning we only assume that the 
coefficients fulfill: 1k  is strictly positive, and 2k  is 
arbitrary real. 
 
2. EQUATIONS OF MOTION 
 
 Isolating the two masses and writing the 
Newton’s second law, we obtain 
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 Denoting 
 

11 ξ=x ; 22 ξ=x ; 31 ξ=x& ; 42 ξ=x& , (3)
 
one obtains the system of the equations of motion 
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 The previous system is a system of four 
first order non-linear differential equations. 
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3. THE EQUILIBRIUM POINTS 
 
 The equilibrium points are obtained at the 
intersections of the nullclines of the system (4). It 
follows the following algebraic system 
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 Summing the last two equations it results 
 

01 =−− ξkF , (6)
 
where from 
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 The third equation (5) can be written 
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or, equivalently, 
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 Denoting now 
 

z=− 12 ξξ , (10)
 
equation (9) is a third order algebraic equation 
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 Let’s make now the transformation 
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equation (11) leading us to 
 

0
27
2

3 1

2
3
1

3

2
1

2
3 =−+−

k
k

k
Fy

k
Fy . (13)

 

 Let us denote 
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 The discriminate of the equation (13) reads 
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 The sign of the discriminate is the sign of 
the expression ( )32

122 427 Fkkk −  for which we can 
create the next table 
 
Table 1. The sign of the discriminate (15). 
 

2k  ∞−  0   
2

1

3

27
4

k
F  

 ∞  

Δ  + + + + 0  – – – 0  + + + + 
 
 
 In conclusion, if 
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equation (13) has three real roots all of them 

different; if 02 =k  or 2
1
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equation (13) has three real roots, but two of them 
are equal. 
 
4. THE CASE 02 =k  
 
 In this case we can directly consider the 
system (5), resulting 
 

03 =ξ ; 04 =ξ ; ( ) 01211 =−+− ξξξ kk ; 
( ) 0121 =−−− ξξkF . (16)

 
 The solution is 
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and it is unique. In fact, we are in the linear case, 
and this case is not important for us. 
 
 



 

RJAV vol IV no 2/2007                                            93                                                      ISSN 1584-7284 

5. THE CASE 2
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and its solutions are 
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 Keeping into account the transformation 
(12), we obtain 
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and from relations (7) and (10) it follows 
 

( ) ( )
k
F

k
F
−−==

1

2
2

1
2 3

2ξξ ; ( )
k
F

k
F

−=
1

3
2 3

ξ . (21)

 

6. THE CASE ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∞∪∞−∈  ,

27
40 , 2

1

3

2 k
Fk  

 
 The real root of the equation (13) is 
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and the equilibrium position reads 
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it means they are three of the nine possibilities in 
the above expression. 
 
8. STABILITY 
 
 Let us denote by ( )4321  , , , ξξξξif  the 
functions in the night-hand sides of the expressions 
(4) and by klj , 4 ,1=k , 4 ,1=l , the partial 

derivates 
l
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 We have 
 

011 =j ; 012 =j ; 113 =j ; 014 =j , (25)
 

021 =j ; 022 =j ; 023 =j ; 124 =j , (26)
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 The characteristic equation 
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where [ ]J  is the Jacobi matrix, 
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I  is the fourth order unity matrix, and ϕ  is the 
complex rate of growth, writes 
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 Relation (31) leads us to 
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 The last equation (33) is a bi–quadratic 
equation, its determinate writing 
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 It is easy to observe from the expressions 
and (28) that 
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 The solutions of the equation (33) are 
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 Obviously, the equilibrium is simply stable 
if and only if 
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 The last expressions are equivalent to 
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 Expression (39) offers us 
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 From equations (27), (28) and (40) we 
obtain 
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where from 
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and there fore 
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 In conclusion, the equilibrium is simply 
stable if and only if 
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 We can observe that the linear case 
( 02 =k ) is always unstable. 
 
9. CONCLUSION 
 
 In our paper we presented a simple two 
degrees of freedom non–linear neo–Hookean 
model for witch we obtained the equations of 
motion, the equilibria and the criterion for the 
stability of the equilibrium points. 
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