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Abstract: - Consider the rigid solid elastically hanged with large arrows to balance. Rigid matrix is 
established, which in this case depends on the values of the arrows to balance. In the case of seismic 
excitation (through basis) the expression of the excitation force is being established which, based how it is 
shown, depends on the rigid solid movement of the base and a numerical application is solved. 
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1. INTRODUCTION 
 

The model of rigid solid elastically hanged is 
very met at different technical achievements as, for 
instance, the foundations put on an elastic medium, 
the engines hanged on elastic supports, the 
gyroscopes with elastic suspension, the 
apprehension mechanisms of the industrial robots 
etc. 

The elastic elements of these systems are linked 
to the base (support, chassis, rolling road). 

In the present paper we consider that the base has 
also a vibratory motion of solid body, motion which 
consists of seismic excitation, and we study the 
vibrations that are induced in the system of the 
elastically hanged solid. 
 
2. GENERAL ASPECTS. NOTATIONS 
 

We consider the rigid solid in the figure 1, at rest 
position, drawn by continuous line. This is linked by 
the springs AB  to the base denoted also by 
continuous line. 

At a given moment the rigid and the base occupy 
the positions drawn in figure 1 by dashed line, the 
points A  and B  arriving in the positions A′ , B′ . 

We consider the notations: 
– k  – the stiffness of the spring AB  

 – OXYZ  – the reference system of the rigid at 
equilibrium 
 – δ  – the displacements of the point O  

 – xδ , yδ , zδ  – the projections of the vector δ  
onto the axes OX , OY , OZ  

– θ  – the (small) angular displacement of the 
rigid 

– xθ , yθ , zθ  – the projection of the vector θ  
onto the axes OX , OY , OZ  
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Figure 1. The model of rigid solid elastically hanged.  
 

 – BΔ  – the displacement of the point B  of the 
base 

– ABδ  – the relative displacement defined by the 
relation 

BAAB Δ−= δδ  (1) 
 
– u  – the unit vector of the vector AB  
– a , b , c  – the projections of the vector u  onto 

the axes OX , OY , OZ  
 – L  – the length AB  



 

RJAV vol VI issue 1/2009                                            28                                                         ISSN 1584-7284 

 – L~  – the non-deformed length of the spring 
– s  – the displacement of the spring at 

equilibrium, that is 
LLs ~

−=  (2) 
 

– Ar  – the vector OA  
 – AX , AY , AZ  – the projections of the vector 
OA  onto the axes OX , OY , OZ  
 – d , e , f  – the projections of the vector 

uOA ×  onto the axes OX , OY , OZ  
 – ABF  – the elastic force in the spring AB  
 – ABM  – the moment defined by the relation 
 

ABAB FOAM ×=  (3) 
 

– ABXF , ABXF , ABZF , ABXM , ABYM , ABZM  – 
the projections of the vectors ABF , ABM  onto the 
axes OX , OY , OZ  
 – { }U , { }ABF , { }δ , [ ]u , [ ]Ar  – the matrices 
defined by the relations 
 

{ } [ ]TfedcbaU =  (4) 
 
{ } [ ]TABZABYABXABZABYABXAB MMMFFFF = (5) 

 
       { } [ ]TZYXZYX θθθδδδδ = ;  (6) 
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– c  – the weight center of the rigid solid 
– m  – the mass of the rigid solid 
– Cu  – the unit vector of the weight’s direction at 

equilibrium 
– CX , CY , CZ  – the projections of the vector 

OC  onto the axes OX , OY , OZ  
– Ca , Cb , Cc  – the projections of the vector Cu  

onto the axes OX , OY , OZ  
– Cd , Ce , Cf  – the projections of the vector 

CuOC ×  onto the axes OX , OY , OZ  
– { }CU  – the column matrix 
 

{ } [ ]TCCCCCCC fedcbaU =       (8) 
 

– [ ]Cu , [ ]Cr  – matrices of the type of those in the 
relation (7) 

– [ ]0 , [ ]I  – the null matrix, respectively the unit 
33 ×  matrix 

– ( )[ ]1
ABK , ( )[ ]2

ABK , ( )[ ]3
ABK , [ ]ABK , [ ]CK , [ ]K  the 

rigidity matrices defined by the relations 
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[ ] [ ] [ ]∑+= ABC KKK                   (12) 

 
– XJ , YJ , ZJ , XYJ , XZJ , YZJ  – the axial and 

centrifugal moments of inertia 
– [ ]0J , [ ]M  the matrix of the moments of inertia, 

respectively the matrix of inertia 
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– Δ  – the displacement of the point 0O  of the 

base 
– XΔ , YΔ , ZΔ  – the projections of the vector Δ  

onto the axes OX , OY , OZ  
– ψ  – the (small) angular displacement of the 

base 
– Xψ , Yψ , Zψ  – the projections of the vector 

ψ  onto the axes OX , OY , OZ  
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– BX , BY , BZ  – the projections of the vector 
BO0  onto the axes OX , OY , OZ  
– d~ , e~ , f~  – the projections of the vector 

uBO ×0  onto the axes OX , OY , OZ  
– { }U~ , { }Δ , [ ]Br  – the matrices defined by the 

equalities 
 

 { } [ ]TfedcbaU ~~~
=            (14) 

 
{ } [ ]TZYXZYX ψψψΔΔΔ=Δ      (15) 
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[ ] ( )[ ] ( )[ ]21 ~~~

ABABAB KKK +=                   (18) 
 

[ ] [ ]∑= ABKK ~~ .                          (19) 
 

3. THE COLUMN MATRIX OF THE 
EXCITING FORCE 
 

The components of the column matrix { }ABF  are 
given by the partial derivatives of the potential 
energy 

( )2~
2

LBAkVAB −′′= .   (20) 

 
The length of the deformed spring writes 
successively 

 

( ) ( )[ ] ( )222
ABBA uLABBABA δδ −=Δ−−=′′=′′  (21) 

 
and by development in series and keeping the non-
linear terms up to the second degree, one obtains the 
expression 
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where [4] the displacement Aδ  writes, 
 

( )OAOAA ××+×+= θθθδδ
2
1 .  (23) 

 
Further on, keeping into account that the partial 

derivatives of the vector ABδ  with respect to the 
components Xδ , Yδ , Zδ , Xθ , Yθ , Zθ  are equal to 
the partial derivatives of the vector Aδ  with respect 
to the same components, respecting the calculations 
step from the reference [5] and denoting by { }

ABeF  
the column matrix of the excitation whose 
components are equal to 
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where by iq , 6 ..., 2, ,1=i  we denoted the 
displacement Xδ , Yδ , Zδ , Xθ , Yθ , Zθ , one 
obtains the equality 
 

{ } { } [ ]{ } { }eABAB FKUksF +δ−= .  (25) 
 

The column matrix of the exciting force { }eF  based 
on the equalities of the form 
 

i
x
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∂
∂
δ
δ ; 

 (26) 

( ) ( )[ ]OAiOAiOAi
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and by retaining the linear and keeping into 
account the notations (14) – (18), one deduces 
the expression (24) and writes in the form 

 

{ } [ ]{ }Δ= ABe KF
AB

~ .   (27) 
 

In the case when the base has not rotational 
motion ( 0=ψ ), the equality (27) becomes  

 
{ } [ ]{ }Δ= ABe KF ,   (28) 

 
and if the displacements at equilibrium are 
negligible ( 0≈s ), then  
 

[ ] [ ] { }{ }TABAB UUkKK ==
~ . (29) 
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4. THE METRICAL DIFFERENTIAL 
EQUATION OF THE VIBRATIONS 
 

The potential energy GV  of the weight force G  
writes in the form 

CCG umgV δ−= , (30) 
where 

( )CCC rr ××+×+= θθθδδ
2
1   (31) 

 
and from here with the aid of the partial derivatives 
with respect to Xδ , Yδ , Zδ , Xθ , Yθ , Zθ  and 
based on the previous notations, one obtains the 
column matrix of the weight force 
 

{ } { } [ ]{ }δCC KUmgG −= .        (32) 
 

At equilibrium, the displacements { }δ , { }Δ  being 
zero, one obtains the equation 
 

{ } { } { }∑ =+ 0CUmgUks .     (33) 
 

The moving equation is obtained from the 
condition of dynamic equilibrium 

 
{ } { } { } { }∑ =++ 0iAB FGF ,        (34) 

 
where, for the case of the small displacements [4]  

 
{ } [ ]{ }δ&&MFi −=                           (35) 

 
and keeping into account the condition (33), it 
follows 

[ ]{ } [ ]{ } [ ]{ }Δ=+ KKM ~δδ&& .           (36) 
 

5. APPLICATION 
 
Determine the seismic excitation of the shell of 

mass m  in figure 2 knowing that the point 0O  of the 
base has the displacement tωcos0Δ=Δ  parallel to 
the axis OX , and the rotation of the base is 

tωψψ cos0=  and it is performed about the axis 
OZ . Consider that the springs AB , CD  are 

identical of stiffness equal to 
l

mgk = , and at the 

equilibrium the displacement of the spring 0EO  of 
stiffness k~  is null. 
 From the equilibrium condition it results that the 
springs AB , CD  are both equal and denoting by s  
the common value, one obtains 
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Figure 2. Figure description 
 

For the spring AB  one successively obtains the 
relations 
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and for the spring CD  one analogously obtains the 
expressions 
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The displacement of the spring EF being null, it 

results 
{ } { } ( )000010~

−== UU  
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and the matrix [ ]K~  is 
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and since 
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one obtains the excitation 
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