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Abstract: - Consider the rigid solid elastically hanged with large arrows to balance. Rigid matrix is
established, which in this case depends on the values of the arrows to balance. In the case of seismic
excitation (through basis) the expression of the excitation force is being established which, based how it is
shown, depends on the rigid solid movement of the base and a numerical application is solved.
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1. INTRODUCTION

The model of rigid solid elastically hanged is
very met at different technical achievements as, for
instance, the foundations put on an elastic medium,
the engines hanged on elastic supports, the
gyroscopes  with  elastic  suspension, the
apprehension mechanisms of the industrial robots
etc.

The elastic elements of these systems are linked
to the base (support, chassis, rolling road).

In the present paper we consider that the base has
also a vibratory motion of solid body, motion which
consists of seismic excitation, and we study the
vibrations that are induced in the system of the
elastically hanged solid.

2. GENERAL ASPECTS. NOTATIONS

We consider the rigid solid in the figure 1, at rest
position, drawn by continuous line. This is linked by
the springs AB to the base denoted also by
continuous line.

At a given moment the rigid and the base occupy
the positions drawn in figure 1 by dashed line, the
points A and B arriving in the positions A", B'.

We consider the notations:

— k — the stiffness of the spring AB

— OXYZ - the reference system of the rigid at
equilibrium

— & —the displacements of the point O

— Oy, 8y, 6, — the projections of the vector 5
onto the axes OX , OY , OZ

— 6 — the (small) angular displacement of the
rigid

— 0y, 6y, 6, — the projection of the vector 7]
onto the axes OX , QY , OZ

A

L

Figure 1. The model of rigid solid elastically hanged.

— ZB — the displacement of the point B of the
base
— 5ap — the relative displacement defined by the
relation
Sap =Oa—Ap (D
— U — the unit vector of the vector AB

—a, b, ¢ —the projections of the vector U onto
the axes OX , OY , OZ
— L —the length AB
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— L - the non-deformed length of the spring {Uc}z[ac bc cc dc ec fc]T (8)
— s — the displacement of the spring at

equilibrium, that is ~ — [uc], [re] — matrices of the type of those in the

s=L-L () relation @)
- [0], [I] — the null matrix, respectively the unit
3 x 3 matrix
— X4, Ya, Z, —the projections of the vector 1 b 3
T T San TEP - [kGa) <R (kG (kae). kel [K] the
OA onto the axes OX , OY , OZ
—d, e, f —the projections of the vector
OA x T onto the axes OX , OY , OZ [K(l) ]_ K
— Fpg — the elastic force in the spring AB ABI™

— T, —the vector OA

rigidity matrices defined by the relations

-3 JulorT

— M g — the moment defined by the relation )
o [k@)]-te| I [ral'
Mg = OAX Fyg ®) AL [ra]l =[raF
— Frex> Faexs Faszs Magx > Magys Mpgz — k [()] [0]
X X0 T [K(s)]:__s .
the projections of the vectors F,g, M,z onto the AB ) [O] [rA][u] +[u][rA] ’

axes OX , OY, OZ

. (10)
- WYy, Fags, 195, , |ra] — the matrices
deﬁned{bj thi reljtior{ls} [U] [r] t t [KAB]Z[KEI)BJ+ lK,(A\ngJrlK(A%I%J
_ u __mg[[o] [o]
bko oo e T o kel ek "
{Fas}=[Faex Fasy Fasz Masx Magy Mpgz] (5)
[Kl=[Kc]+ XK as] (12)

T
{ol=lox & o2 ox & 6:]; _
- Jx,Jy,Jd;, Iy, Jyz, Jy; —the axial and

0 —-c b centrifugal moments of inertia
ul=| ¢ o -al; — [3,]. [M] the matrix of the moments of inertia,
b a 0 respectively the matrix of inertia
0 7, Y ) Ix  —dxy —dxz
=l e 0 X, [Bol=-3vx I -z |;
e Xa 0 —Jzx —Jzv Iz
(13)
T
— ¢ — the weight center of the rigid solid [M ]: l: m[l ] m[rc] }
— m — the mass of the rigid solid mlrc]  [Jo]
— Uc — the unit vector of the weight’s direction at
equilibrium — A — the displacement of the point O, of the
— X¢, Yo, Zc — the projections of the vector base
OC onto the axes OX , OY , OZ — Ay, Ay, A, —the projections of the vector A
— 8¢, b, ¢ — the projections of the vector Uz onto the axes OX , OY , OZ
onto the axes OX , OY , OZ — ¥ — the (small) angular displacement of the
— dc, ec, fo — the projections of the vector base
OC x U, onto the axes OX , OY , OZ - wx, Wy, wz — the projections of the vector
B {Uc} _ the column matrix i onto the axes OX , OY , OZ
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— Xg, Yg, Zg
@ onto the axes OX , OY , OZ
-d, &,
ﬁ x U onto the axes OX , OY , OZ

-0}

— the projections of the vector
f —the projections of the vector

{, [rg] — the matrices defined by the

equalities
=b bcd @ ?F (14)
ah=[ax Ay Az wx vy owz] (19
0 -Zg Yp
l=|Zs 0 -Xg (16)
“Yg Xg 0
8- JuibT
(17)
k@] 5_[U] ~[rs] }
AL [ral —[ral-[rs]
[Rne |=[R Y J+ [<2] (1)
KI=>[Rns] (19)

3. THE COLUMN MATRIX OF THE
EXCITING FORCE

The components of the column matrix {FAB} are

given by the partial derivatives of the potential
energy

wng@BuEf. (20)

The length of the deformed spring writes
successively

AB = \/ B \/[AB (6p-g)f _\/Lu Sas) (21)

and by development in series and keeping the non-
linear terms up to the second degree, one obtains the
expression

VAD =;|:52 —2S(U5AB)+(1—IS_)(U5AB)Z +IS_5AZB:|(22)

where [4] the displacement 5, writes,

gAzé_‘+§xﬁ+%§x(§xﬁ). (23)

Further on, keeping into account that the partial
derivatives of the vector dpg Wwith respect to the

components oy , oy, 07, Ox , & , 67 are equal to
the partial derivatives of the vector & A Wwith respect

to the same components, respecting the calculations

step from the reference [5] and denoting by {FeAB

the column matrix of the excitation whose
components are equal to

EA(wA{FE%ﬂBUQ& (24)
L 8qi L 6qi

by ¢, i=12,.,6 we denoted the
displacement &y, oy, oz, Ox, &, 6z, one
obtains the equality

{Fag ) = ks{U} = [Kpg 115} + {F. .

The column matrix of the exciting force {F,} based

where

(25)

on the equalities of the form

BEIN
a6y

b

(26)

%zi'xﬁJr;L (HxOA)-i—Hx( xﬁ)]

and by retaining the linear and keeping into
account the notations (14) — (18), one deduces
the expression (24) and writes in the form

{FeAB } = [Rag fia)-

In the case when the base has not rotational
motion (i =0), the equality (27) becomes

{Fef=[KagliA}.

and if the displacements at
negligible (s = 0), then

27)

(28)

equilibrium are

it

[Kagl= ['ZAB ]: kiU (29)
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4. THE METRICAL DIFFERENTIAL
EQUATION OF THE VIBRATIONS

The potential energy V; of the weight force G
writes in the form
Vg =-mgdcic, (30)
where

SC=5+§xrc+%§x(§xrc) (1)

and from here with the aid of the partial derivatives
with respect to oy, oy, oz, Ox, &, 67 and
based on the previous notations, one obtains the
column matrix of the weight force

{G}=mg{Uc}-[Kc i} (32)

At equilibrium, the displacements {5}, {A} being
zero, one obtains the equation

SkslU}+mgiUc )= o).

The moving equation is obtained from the
condition of dynamic equilibrium

(33)

> {Fas}+{G}+{F}=1{0},
where, for the case of the small displacements [4]
(Rl=-IM])

and keeping into account the condition (33), it
follows
M6} [k} = [

5. APPLICATION

(34)

(35)

(36)

Determine the seismic excitation of the shell of
mass M in figure 2 knowing that the point O, of the
base has the displacement A=A cosat parallel to
the axis OX, and the rotation of the base is
v =yocosot and it is performed about the axis
AB, CD are

mg

identical of stiffness equal to k =I—, and at the

OZ . Consider that the springs

equilibrium the displacement of the spring EO, of

stiffness k is null.

From the equilibrium condition it results that the
springs AB, CD are both equal and denoting by S
the common value, one obtains

(omo 1

kv2 2

and since L = ZI\/E one deduces % = %

2l 3l 3l 2l

2|
<
21

_ mg =

3l
AAAA
VWV
=
|

F

A K
0}
v

Figure 2. Figure description

For the spring AB one successively obtains the
relations

=2

=221 100 0 20,
2

712 512 0
= 21% -151> o |,
0 0 —221%

~21 ]
—2
0
0
0
21 2l —41?

S O O = =

S O O O O O
S O O O o O
S O O O o O
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1 0 o0 0 0 —71]
0 1 0 0 0 51
- klo o 1 71 =51 0
gl |
ABIT 410 0 1 12 —s12 o
0 0 -31 —21% 151> o
13 0 0 0 2217

and for the gpring CD one analogously obtains the
expressions

{u}:%(—l 1000 —2);
{G}:ﬁ(—l 100 0 2),
2
0 0 | o o0 7
[rC]: 0 0 3l ;[rD]: 0 0 sl
-1 =31 0 71 =51 0
-2 —s512 o
[ralrs]=| -202 -1512 0 |,
0 0 —221?
1 =1 0 0 0 =21
1 1 00 0 2
[}Z(l) ]zﬁ 0 0 000 0 ;
I glo 0 000 0
0 0 000 0
2l 21 0 0 0 —41%]
1 0 0 0 0 -7
o 1 0 0 0 -5l
[~(2)]_k o o 1 71 3l 0
I74l0 o 1 7* 512 0
0 0 31 21% 151> 0
-1 =31 0 0o 0 221%

The displacement of the spring EF being null, it

results
t Ui=g}=0 -1 0 0 0 0

0 0 000 0
0O 1 000 0
[}ZEF]erOOOOOO,
0 0 000 0
0 0 000 0
2 =21 0 0 0 —41%]

and the matrix [K is

K]= l'ZAl)aJJr ABJ+ llz((lll)D J+ lKé23J+ ['ZEF ]
- s o o0 o0 0 -—200
0 5+4?' 0 0 0 0
~110 0 2 14 0 0
[K]_ 0 0 20 142 0o 0
0O 0 o0 0 30°% o0
4 0 0o 0 0 3217
and since

iAl=(Ag 0 0 0 0 o) cosat

one obtains the excitation

[ 5A¢ 201y, |
0
~ k 0
Foi=|KjAj=— cosat .
Fol=Klal=5|
0
| 41 +3212y
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