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Abstract: - In this paper we analytically investigate the nonlinear behavior of an electrical machine
supported by nonlinear bearings characterized by a nonlinear stiffness of Duffing type. The Optimal
Homotopy Asymptotic Method is employed to obtain analytical approximate solutions. Complementary
numerical solutions were obtained via a fourth-order Runge—Kutta method and an excellent agreement
between the solutions obtained through OHAM and the numerical computations was observed, which
demonstrate the reliability and efficiency of OHAM. The results obtained by using the proposed method
can be directly employed to predict the dynamic behaviour of the rotating electric machine.
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1. INTRODUCTION

Mechanical behavior of electrical rotating
machines is a topic of very high interest for both
mechanical and electrical engineers concerned in
achieving better performances for electrical devices
[1-4].

From engineering point of view it is necessary to
accurately predict the mechanical behavior of such a
rotating elastic system in order to correct some
dynamical problems with the final goal to obtain
higher speed machines or longer periods between
their downtimes.

One of the main causes which could generate
dynamical problems for such devices is the presence
of bad bearings or nonlinear bearings which support
the machine. Besides, being rotating systems, these
machines exhibit the same dynamical problems as
classical rotors. Such problems could arise from

unbalanced forces, mechanical looseness,
misalignments, electrical problems etc.
Often such dynamical problems lead to

nonlinearities in the mathematical model describing
their behavior. Sometimes, when a complicated and
accurate dynamical model is employed, the motion
of the system is described by strongly nonlinear
differential equations, which are very difficult to
solve through classic analytical methods.

In order to overcome the shortcomings of
classical methods, in the last years some new
approximate analytical methods were developed,
which are valid and work very well even in the

absence of small parameters, characteristic only for
weakly nonlinear problems.

Among these new emergent methods, one can
mention some iterative methods [5-7], the
variational iteration method [8-10] and the newest
one, the Optimal Homotopy Asymptotic Method
[11-13], which proved to be a very powerful
analytical tool for strongly nonlinear problems
arising in various fields of science and engineering.

In this paper, the Optimal Homotopy Asymptotic
Method (OHAM) is applied to investigate the
nonlinear behavior of a rotating electrical machine
supported by nonlinear bearings considered to be
characterised by nonlinear stiffness of Duffing type.
This kind of dynamic model is governed by the
following nonlinear differential equation

mii + k, (1 - gsinw,t)x + k,x* = fsinw(1)
with the initial conditions
x(0)=4; %(0)=0 (2)

This mathematical model includes a parametric
excitation caused by an axial thrust and a forcing
excitation caused by an unbalanced force of the
rotor. From the point of view of OHAM, Eq.(1) can
be rewritten in the more convenient form

¥+ x—axsinw,t + B’ —ysinwt =0 (3)
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2. FUNDAMENTALS OF OHAM

Starting from the given Eq.(3) which describes a
system oscillating with an unknown period T, it will

be more convenient to switch to a scalar
timer =2m /T =C¢t. Under the proposed
transformation
=0 %)
the given Eq.(3) becomes
2.n 2 : a)Z 3
Qx'"+o " x —axsin—=71+ fx° —
Q (©)

. O,
—ysin—r7 =0
7 Q

where the prime denotes the derivative with respect
toT.

In order to solve the problem through OHAM,
we construct a homotopy H(¢,h):Rx[0,1] >R

which satisfies

(1= p)L(4(z, p)) = h(z, p)N[¢(z, p), AL, P)I(1)

where L is the linear operator

L(g(z. p)) = Q{a é(rz 22

and N is the nonlinear operator

+¢(z, p)} ®)

N4z p). QA p)] = Q2 (p)a ‘Z’(T P,

+(@* + D)g(t, p) — ag(r, p)sin EZT + 9
+ p# (z, p) - ysin %r — pAd(z, p)

where @(7, p)is an unknown function which finally

will be the solution, pe[0,1] is an embedding
parameter, h(t,p) is an nonzero auxiliary function so
that h(t,0)=0, h(t,p)# 0 for p#0, A is an arbitrary
parameter.

Using Egs.(3) and (5) the initial conditions
become in this case

oo(r,
#(0,p) =4, 9P (10)
T 7=0
Obviously when p=0, it holds:
#(7,0) = x,(7), Q(0)=Q, (11)

where x¢(t) is an initial guess of x(t). When p=1, it
holds

#(z.) = x(z), Q1) =Q (12)

Therefore, as the embedding parameter p

increases from 0 to 1, the solution ¢(7, p)varies

from the initial guess x¢(t) to the solution x(1), so
does Q(p) from the initial guess €, to the exact
frequency Q.

Expansions of ¢(7, p) and Q(p) in series with

respect to the embedding parameter p lead to:

#(z, p) = x,(2) + px,(7) + P2, (0) + ... (13)

Q(p)=Q, + pQ, + p’Q, +.... (14)
where series (13) and (14) contain the auxiliary
function h(t,p) which will ensure their convergence.
An appropriate expression for the initial guess
Xo(t) and for the auxiliary function h(t,p), which
ensure the convergence of the above series at p=1,
leads to obtaining the m th-order approximate
solutions given by:
X(t)=x,(7)+x,(v)+...+x,(7)

(15)

§~2=QO+Q1 +..+Q (16)
The auxiliary function h(t,p) could be chosen of
the form:

h(z, p) = p[C1f1 @O +C () +..+C f, (T)](17)

where C;, C,,....Cy are constants, which are later
optimally determined and fi(t), fy(1),... fi(t) are
functions depending on variable 7, k being a fixed
arbitrary number.

Substitution of Egs.(15) and (16) into Eq.(9)
yields:

N(¢7Q) = No(x0>907ﬂ)+pN1(x07x1590791’/1)+
pzNz(xmxlaxzaQOaQana/D+~-~
(18)
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Substituting Eqgs.(17) and (18) into Eq.(7) and
equating the coefficients of like powers of p, we
obtain the following linear equations:

L(x,)=0, x,(0)=4, #0)=0  (19)

L(x) = L(x, ) ~[C, /i (D) + C, f,(2) +...
+C, [ (DN (x, XX, Q0 2, 1, A) =0
i=12,..m , x,(0)=0 , x',(0)=0

(20)

At this moment €, can be determined avoiding
the presence of secular terms in the left-hand side of
Eq.(20).

One can observe that the frequency Q depends
on the arbitrary parameter A and in order to fix the
value of A one can apply the so-called principle of
minimal sensitivity, imposing that

d—Q =0 (21)
dA

At this moment, m th-order approximation given
by Eq.(15) depends on the parameters C,, C,,...,Cp,.

Substituting the m th-order approximate solution
(15) into the initial equation, it result a residual
R(1,C)). If R(z,C;)=0, then the approximate solution
happens to be the exact solution. Generally such a
case will not arise for nonlinear problems. In order
to obtain an accurate approximate analytical
solution, we minimize the square residual error
minimizing the functional

b
J(C,, ..., C,) = [ R (2,C,, €., C, )T (22)

where a and b are two values, from the domain of
the given problem. The unknown constants C;
(i=1,2,...m) can be optimally identified from the
conditions

oV _

a _,
oc, oc,

_8Cm =

(23)

Note that the constants C; can also be identified
via various procedures, such as the collocation
method, the Galerkin method, the least square
method etc.

It must be highlighted that our procedure
contains the auxiliary function h(t,p) which provides
us with a simple way to adjust and optimally control
the convergence of the solution by determination of
optimal constants C;. Note that instead of an infinite

series (as is the case in other homotopy approaches),
the OHAM searches for only few terms (mostly
three terms).

3. INVESTIGATION OF NONLINEAR
VIBRATION BY MEANS OF OHAM

The nonlinear behaviour of the electrical
machine whose dynamic behaviour is governed by
Eq.(1) will be investigated following the procedure
described above.

Using Eq.(19) we can obtain the following
solution:

x,(r)=Acost (24)

If we set i=1 into Eqs.(18) and (20), we obtain:

Ny(x,,90,4) = Qlx, + (@ + A)x, —
25)
) 3 ! (
—ox,SM—7+ pOx, —ySin—~7
T Pro =7 Q

and then substitution of Eq.(24) into Eq.(25) leads
to:

Ny (502 Q. 4) = A~ Q2+ 0” + A+

3

+§ﬂA2jcosr+’BA cos3r —

4 4

(26)

—laA sin &+1 7 +sin &—1 -

2 Q Q
— sinﬂr

4 Q

If we limit k=3 into (18) and setting

fi(t)=1, f,(r)=2cos2r, f,(r)=2cos4r (27)
then Eq.(20) becomes for i=1:

Qi (x; +x)=A(C, +C,)(-Q) + @* +

+/1%ﬂA2)cosr+%ClﬂA3 cos3r+[iC2ﬂA3—
—CLA-Q* + 0’ +/1+%,6’A2)]0055T—
1 3 1 . [ o,
ZCzﬂA cos7r—§(C1 + C,)aA[sin 5+1 T+

+sin| 22 -1 r]+lC2aA[sin D y5les
Q 2 Q
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Avoiding the presence of secular term in X,(7)

+ sm(E2 — 5]1'] —C,ysin al T- Czy[sm(al + 2}' T requires that

+ sin D _ T —sin ﬂ+4 7 —sin ﬂ—4 7]
Q Q Q
(28)
In order to avoid the presence of a secular term
we impose:

Qé:w2+ﬂ+%ﬂﬁ (29)

and consequently, using this requirement, the
solution of Eq.(28) will be

x,(t) =M cost+ Ncos3r + Pcos57 +
+Qcos7r+ Rsint +...

where
v G Cpa G
3207 192Q]° 32077
po G 0= C,BA’
9602 1920}

R (C+G YaAQ(2Q% - w3) .
Q; (07 —4Q%)w,
. GadQa, (w; —26Q7%)
Q; (576Q* - 52Q0°w; + w5)
0 —;)
2C,00,(5Q° - @)
Q; (9Q" —10Q°w! +w,')
20,00, (0] —17Q%)
Q;(225Q" -34Q0°w! + w}')

(€1))

Substituting Eqgs.(24) and (30) into Eq.(20), we
obtain the following equation:

Q) (x, +x,) = cosr[%(Cl +C,) A (2M +

+N) = A(C, +C,)(2Q,Q, + A) -

3G +C)prAt 2
25600 20,
LG +CHa’Q’  25C; pA° .
4Q3(4Q° —w}) 192Q,(C, +C,)
(@ + A)C; A’ L 30C + C,)p*4'C,
192Q;(C,+C,)  512Q,(C, +C,)

+

(33)

R=0 (34)

At this moment we can obtain the frequency
from Egs.(29) and (33) in the form:

Q=0,+Q, (35)

As we mentioned above, the parameter A can be
determined applying the principle of minimal
sensitivity and consequently from Eq.(21), we obtain
the following condition:

ﬂ’Qé(Cl +C2)_
_3p°4°(6C +14C,C, +5C3)

256
3G+ G’ . (36)
2(4Q° — ;)
. C; pA* (29Q; —3w” —32) 0
96
By means of Egs.(33) and (35), Eq.(34) becomes
0-q _ * 23C; pA’ 37)

“T30, 288Q,(C, +C,)
At this moment Eq.(35) can be written as:

(C, +C,)ad(2Q" ~ ;) N
@, (w; —4Q%)
C,odw,(w; —26Q%)  C,yw,

+
(C, +C,)a’Q%4 , 576Q" -52Q%w; + 0] Q' -/
- ——25C,PQ; - (32) , (38)
2Q ) (w; —4Q7) N 2C,y0,(5Q° —w,)
, 3 ) 90" -10Q° 0] + o/
-C,(0" +A)P—=C,PA"(N+Q+2P)]|+ 5 5
4 2C,yw, (] —17Q7) _0
4 2 2 4
+3 BA2C,Rsinz+ NT. 22507 =340 0 + o)
4 The first order approximate solution will be
where N.T. means the other nonresonant terms.
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F(7) = x, (7) +x,(7) (39)

which means that substituting Egs.(24), (30) and (5)
into (39), we obtain:

C,pA’

LG pA’
32Q0;

192022
3 3
_ G cos3Q¢ — C,p4

2 2
0 0

243 C, +C,)adQ?
+C2—ﬂ2cos7Qt+ ( 12 2)

QF 2Q 0, (o, +2Q)
(C, +C,)adQ’
2Q%w, (0, —2Q)

C,aAQ’
2002(24Q° +10Qw, + ®;)
C,aAQ’
207(24Q% - 10Qw, + )
(O
—ﬁSIH a)lt+
Qy(Q" —wy)
C,
+ 2 2 2
Q;38Q" +4Qw, + w,)
C, Q2
+ 2 2 2
Q;(3Q° -4Qw, + @)
B C, Q2
Q;(15Q° +8Qu, + @)
B C,
Q; (15Q° —-8Qw, + w})

Y(r):(A+ Jcoth—

cos 5Q¢ +

sin(w, +

+Q)t +

sin(w, — Q)t —

sin(w, +5Q)t —

sin(w, —5Q)t —

sin(w, +2Q)t +

sin(w, —2Q)t —

sin(w, +4Q)t -

sin(w, —4Q)t

(40)

The unknown constants A, Qy, Q, C, and C, can

be determined from Egs.(29), (36), (37), (38) and by
means of the residual of Eq.(3), which reads:

R(t,4,9,,0,C,,C,) =
X +0’% — X sinw,t + f&° - ysin ot

The last necessary equation can be obtained
using the collocation method under the form:

R(%,/I,QO,Q,CI,Cz):O (41)

Following this algorithm, a system of five
nonlinear algebraic equations with five unknowns is

obtained. Solving this system for the numerical
values of parameters o=1.1, ®,=1.5, ®=1.58,
a=2.75, p=12.5, y=0.2, we obtain the values of
initial unknown constants:

=-1.1120201913228436,
0,=3.282055275793561,
0Q=3.3941604317791465,
C,=-0.0007293171916262496,
C,=0.000714849572157505

which means that at this moment the approximate
analytical solution is well defined.

Fig.1 shows the comparison between the
approximate analytical solution and the numerical
solution obtained by a fourth-order Runge-Kutta
method.

Figure 1. Comparison of the approximate solution with
numerical simulation results
numerical solution
_____ approximate solution
It can be seen that the solution obtained by
means of our procedure is nearly identical with that
given by the numerical simulations.

4. CONCLUSIONS

In this paper, the nonlinear behavior of a
rotating  electrical ~machine is  analytically
investigated using the Optimal Homotopy
Asymptotic Method. Complementary numerical
solutions were obtained via a fourth-order Runge—
Kutta method and an excellent agreement between
the solutions obtained from OHAM and the
numerical computations was observed, which
demonstrate the reliability and efficiency of OHAM.

The results obtained by using the method
proposed in this paper can be employed to predict
the dynamic behaviour of the rotating electric
machine, which is supported by nonlinear bearings.

This method is valid not only for small, but also
for large parameters and provides a convenient and

RJAV vol VI issue 2/2009

103

ISSN 1584-7284



rigorous way to control the convergence of
approximate solution.
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