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Abstract: - The paper studies the behavior of a classical dynamical system – Pohl’s wheel - for various 
constructive solutions, study assumptions and initial conditions. The behavior of the system is highlighted 
using time variation diagrams and phase plane representations, obtained by using a specialized program 
package. For certain values of the studied parameters, the evolution of the system may lead to 
deterministic chaotic behavior. 
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1. PRESENTATION OF THE SYSTEM 
 

The paper studies the vibrational motion of a 
mechanical system, for various study assumptions 
and constructive solutions. 
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Figure 1. Study model 
 

The system consists of a large wheel hinged on a 
fixed frame (Fig. 1). The wheel is connected by a 
spiral spring and a transmission system to an 
exciting drive. In addition there is also a Foucault 
braking system, which, together with the drive, 
affects the motion. If the engine and the brake are 
not active, the wheel oscillates like a pendulum, 
starting from an initial distortion with respect to the 
equilibrium position. This dynamic system is known 
in the literature [2] as “Pohl's wheel”, due to the 
German physicist Robert Wichard Pohl, and it 
allows the, theoretical and experimental study, for 
different initial conditions. It is thus possible to 
analyze different types of oscillatory motions, using 
the existing methods in the literature [1]. 

2. MATHEMATICAL MODEL 
 

The study model (Figure 1) [2] is described by 
differential equations of motion, which allow the 
prediction of the dynamic evolution of the system, 
over time. 

The types of oscillations of the system will be 
analyzed, depending on the considered assumptions.  
 

a. Free vibrations without damping 
The wheel is considered free, the motion being 

described by the differential equation [1]: 
 0=θ+θ cJ && , (1) 

respectively 
 02 =θω+θ&& , (2) 

where the positive quantity 

 
J
c

=ω2  (3) 

represents the square of the natural circular 
eigenfrequency of the system, c  is the rigidity of the 
spring and J - the mechanical moment of de inertia. 

The characteristic equation corresponding to 
differential equation (2) is 

 ω±=⇒=ω+ irr 022  (4) 
and it leads to the general solution 

 tCtC ω+ω=θ cossin 21 , (5) 
where 1C , 2C  represent integration constants 
determined by means of the initial conditions 
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By obtaining the integration constants 
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 02
0

1 , θ=
ω
ω

= CC , (7) 

the general solution can be written: 

 tt ωθ+ω
ω
ω

=θ cossin 0
0 ,  (8) 

or 
 ( )ϕ+ω=θ tAsin ,  (9) 

with 
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This leads to the form 
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ω
+θ=θ

0
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02

0 arctansin t , (11) 

as well to the angular velocity and angular 
acceleration: 

 tt ωωθ−ωω=θ sincos 00
& , (12) 

 .cossin 2
00 tt ωωθ−ωωω−=θ&&  (13) 

The variation of quantities θ , θ&  and θ&&  is 
presented in Figure 3a, and in the corresponding 
phase plane in Figure 3b, in which 

 
c
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is the period. 
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Figure 2. Free undamped vibrations 
 

b. Free vibrations with viscous damping 
If the action of the damper is considered, the 

motion is described by the differential equation 
 0=θ+θ+θ cbJ &&& , (15) 

respectively 

 02 2 =θω+θα+θ &&& , (16) 
in which 

 
J

b
2

=α  (17) 

is the damping factor. 
The characteristic equation corresponding to 

differential equation (16) is 

 02 22 =ω+α+ rr , (18) 
with the roots 

 22
2,1 ω−α±α−=r . (19) 

The general solution depends on the nature of 
these roots, as it follows [1], [3]: 
 

1) For low friction (subcritical 
damping), 

 022 <ω−α , (20) 
by noting 

 222 β−=ω−α , (21) 
the motion consists in damped oscillations (complex 
conjugated roots), 

 ( )tCtCe t β+β=θ α− cossin 21 , (22) 
respectively, with initial conditions (6), 
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Figure 3. Free vibrations with subcritical viscous 
damping 
 
2) For high friction (supercritical damping), 

 022 >ω−α , (24) 
the motion is non-periodical (real distinct roots), 

 tt eCeC 21 21
λ−λ− +=θ ; (25) 

with the initial conditions (6), 
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3) For critical friction (critical damping), 

 022 =ω−α , (27) 
the motion is also non-periodical (real equal roots), 

 ( ) t
t

e
CtCCtCe

α
α− +

=+=θ 21
21 ; (28) 

with the initial conditions (6), 
 02001 , ω=θ⋅α+ω= CC . (29) 

 
Graphical representations corresponding to case 1 

are presented in Figure 3a, and the phase plane in 
Figure 3b, where 

 ( )TTT >
α−ω

π
=

β
π

= ββ ,22
22

 (30) 

is the pseudoperiod of the motion, while 

 22 α−ω=β  (31) 
is the circular pseudofrequency. 

For case 2), the corresponding representations  
are shown in Figure 4. 
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Figure 4. Free vibrations with supercritical viscous 
damping 

 
c. Forced vibrations with viscous damping 

The damper is considered, while the system is acted 
by a sinusoidal perturbation. 
In this case, the motion is described by the 
differential equation [1], [2] 

 tMcbJ Ω=θ+θ+θ sin0
&&& , (32) 

respectively 

 tq Ω=θω+θα+θ sin2 2&&& , (33) 
where the following notations have been introduced: 

 
J
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J
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J
b 02 ,,

2
==ω=α , (34) 

0M  - amplitude of the sinusoidal perturbation  
Ω  - circular eigenfrequency of the exciting drive. 

The phenomenon described by equation (33) is 
produced by the action of the exciting drive and of 
the break. 

The general solution of the differential equation 
is the sum of the general solution of the 
homogeneous equation and of a particular solution 
of the non-homogeneous one, 

 21 θ+θ=θ , (35) 
where 

 ( )tCtCe t β+β=θ α− cossin 211 , (36) 
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for the initial conditions (6). 
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Figure 5. Forced vibrations with viscous damping 
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The representations corresponding to the two 
types of solutions and to the general solution are 
presented in Figure 5. Equation (37) shows that the 
resultant motion can be obtained by superimposing 
two parallel vibrations of non-equal circular 
frequencies (the natural vibration and the forced 
one) and it is a non-harmonic vibration. 

It can be seen that in the first time interval, both 
natural and forced vibrations exist. This stage is 
called as transitory regime. In the next time interval, 
the natural vibration has vanished and, consequently, 
the vibration of the system coincides with the forced 
vibration. This stage is called permanent or 
stationary regime. 

 
d. Chaotic vibrations 

The study of the deterministic chaotic systems 
shows that such motions do not take place for any 
values of the parameters of the system, but only for 
some of them. 

If the system depends only on one parameter λ , 
then it can be admitted that for 0λ<λ  the solutions 
of the system have a regular behavior (stationary, 
periodical, pseudoperiodical or they tend to such 
motions), while for 0λ>λ  the system becomes 
chaotical. However, it is possible that the system 
does not exhibit a chaotical behavior for any 

0λ>λ , i.e. it is possible that there exist intervals for 
which the system behaves regularly. Such, usually, 
narrow intervals are called periodical windows. 

For the study of deterministic chaotic motions the 
following essential characteristics must be taken into 
account [4]: 
- a deterministic chaotic system does not repeat its 

past motion; 
- the motion presents a high sensitivity to the 

initial conditions; 
- the ordinary differential equation system which 

describes the dynamical system must have at 
least three independent variables; 

- the differential equation system must be 
non-linear; 

- the attractor is a fractal set, situated in a finite 
domain. 
For the study of deterministic chaotic motions, 

several methods can be used, with the remark that 
yet no necessary and sufficient conditions exist for 
the chaotical behavior of the system. 

Among them, the following can be mentioned: 
time-history analysis of a significant variable, phase 
plane portrait, Poincaré stroboscopical method, 
power spectra, Liapunov exponents. 

The differential equation of motion is 
tMMgrcbJ Ω=θ−θ+θ+θ sinsin 0

&&& , 
respectively 

tMMgrcbJ Ω=⎟
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6 0
3

&&& ,  (38) 

after power series expansion of function θsin , 
where the following notations have been introduced: 
M  - additional mass, 
r  - distance between the additional mass and the 

center of the wheel, 
g  - gravitational acceleration. 

Differential equation (38) is equivalent to system 
 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

Ω=θ

θ+θ−θ−θ
−

=θ

θ=θ

,

sin
6

3

3
0

2
3
112

21

&

&

&

J
M

J
b

J
Mgr

J
cMgr (39) 

which consists of three equations with three 
independent variables and which is non-linear. 

Among the above mentioned study methods of 
the deterministic chaotic motions, the time-history 
analysis of a significant variable and the phase plane 
portrait will be chosen. 

 

 
 
Figure 6. Chaotic vibrations 
 

Using the first method, a diagram without 
periodicity is obtained (Fig. 6a), albeit a certain 
“recursive nature”, i.e. some patterns repeat after 
non-regular intervals. 

Since this method is not probatory, the second 
one has been also used. In this case, the path in the 
phase plane is complicated and the attractor basins 
can be seen (Fig. 6b). Thus, an image specific to 
deterministic chaotic motions is obtained, as it can 
be remarked from the literature [4], [2]. It should be 
mentioned that this method is also qualitative. 

By analyzing the results obtained with the two 
methods, it can be concluded that, according to the 
initial conditions and to the study assumptions, the 
system can show a deterministic chaotic evolution. 
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3. CONCLSIONS 
Starting from the model of the studied dynamic 

system, the types of motions are analyzed, specific 
to the free, undamped and damped vibrations, forced 
vibrations, as well as deterministic chaotic motions 

The behaviors of the system for the mentioned 
cases are determined, taking into account the chosen 
study assumptions and initial conditions. 

For the simulations, a specialized program 
package has been used. 

Pohl’s wheel illustrates the behavior of an 
oscillating mechanical system and the choice of the 
functioning conditions, so that the system would 
satisfy the practical requirements. 

It is important to point out that similar systems, 
with the type of behavior dependent on the initial 
conditions and on the values of the parameters, can 
be found in various domains. 
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