
 

RJAV vol VII issue 2/2010                                          91                                                         ISSN 1584-7284 

Practical Considerations of the Matrix Method Formalism 
 
Nicolae CREŢU 
Physics Department, Transilvania University,  Eroilor 29, 500036 Brasov, ROMANIA, 
cretu.c@unitbv.ro 
 
Mihail POP 
Physics Department, Transilvania University, Eroilor 29, 500036 Brasov, ROMANIA, 
mihailp@unitbv.ro 
 
Ioan-Calin ROŞCA 
Department of  Strength of Materials and Vibrations, Transilvania University,  Eroilor 
29, 500036 Brasov, ROMANIA, icrosca@unitbv.ro 
 
Mariana- Domnica STANCIU 
Department of Strength of Materials and Vibrations, Transilvania University, Eroilor 
29, 500036 Brasov, ROMANIA 
 
 
 
Abstract: - The work uses the assumption that the solution to problems of elastic wave propagation in 
multilayered media, in which each layer is homogeneous and where the ensemble of layers has physical 
properties that vary only with one coordinate, can be obtained by solving a product of matrices. 
Considering the 1-D case, a system of two media can be described by an equivalent transfer matrix, which 
allows for a binary system to find the phase velocity of the elastic waves, using as gauge material one of 
the two media. 
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1. INTRODUCTION 
 

The measurement of the mechanical properties of 
many materials is a challenging problem, but necessary 
because of the importance of these materials today. 
Among the mechanical properties, the Young modulus 
is vey important because it explains the elastic 
properties of the materials. The majority of the 
methods find the Young modulus by measuring the 
velocity of the longitudinal waves, or by the direct 
measurement of the elastic deformation, considering 
the elastic case. The measurements are quite simple in 
the case of metals and regular geometric shapes, but 
they are very difficult to make for small samples like 
ceramics, for example.  
 The present paper explains how it is possible 
to estimate the velocity of the longitudinal waves in 
small cylindrical samples, using as gauge a 
longitudinal rod with known elastic constants.  
 
2. THEORETICAL CONSIDERATIONS 
 

The idea of the work is to measure the 
eigenfrequency of a binary system, made of a gauge 

material and the material of interest. Both materials 
have a cylindrical shape, with the same cross 
section, the lengths and the bulk densities being 
obtained by direct measurements.  
 The problem is to find the equivalence 
between a system consisting of two elastic rods, and 
one equivalent effective rod, like in Figure 1. 
 

Figure 1. The system consisting by two connected 
rods and the equivalent rod 

 
The transfer matrix for the connected rods, considering 
the sharp interface between them is [1,2]: 
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where 21 , ZZ are the mechanical impedances, 21 , kk  
are the wave numbers and 21 , ll are the lengths of the 
two rods. Each rod has its own natural frequency 
and the maximum of the transfer of the wave 
amplitude corresponds to these frequencies [5]. 
When the two rods are connected by a sharp 
interface [6,7], the system can be considered as an 
equivalent homogeneous rod with the length 

1 2l l+ and an effective phase velocity of the 

wave effc , The transfer matrix of such equivalent 

rod will be: 
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The matrix T´ contains the effective wave 

number eff
eff

k
c
ω

= . For the system consisting of two 

connected rods we impose the condition: 
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The matrix )(ωT  has the eigenvalues: 
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The matrix )(' ωT has the eigenvalues: 
 

( ) ( )2
1,2 1 2 1 2cos cos 1eff effq k l l k l l= + ± + −    (5) 

 
The frequency of resonance of the equivalent system 
will be obtained in accordance to (5), for 

( )2
1 2cos 1effk l l+ = , and consequently  
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(6) 
 
For the effective phase velocity we obtain the 
expression: 
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The matrices from (3) are similar matrices if share 
the same eigenvalues. For the resonance case we 
obtain: 
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that means for the second eigenvalue 2 1Z Z= −  in 
order to obtain 2 2 1qλ = = ; (this is a nonrealistic 
case). Consequently, the eigenvectors 1 2,v v  which 
correspond to the fundamental eigenmode of the 
system are easy to be obtained, if we start from the 
matrix )(ωT  which can be written as: 
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and therefore: 
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We obtain hereinafter: 
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The expressions given by (4), (5) and (7) are 

usefully to estimate the velocity of the longitudinal 
wave in materials. For two uniform rods with the 
same crossection, connected by a sharp interface, if 
we know the geometrical dimensions of the samples 
and the bulk densities, is possible to use these 
relations to calculate the wave velocities and the 
elastic constants of the materials of interest.  
On the other hand, the described method can be used 
to study the wave propagation in random media, 
because for example in our case of a random binary 

rods, the terms from the formula (7), 
21

2

21

1 ,
ll

l
ll

l
++

  

represent the localization lengths of the materials, 
and can be used to express the Lyapunov exponents 
[3,4]. 
 
3. EXPERIMENTAL 
 

The experimental setup involved in binary rods 
method, consists of a Laser Doppler Vibrometer, 
type  Ometron 8329, able to detect the free 
vibrations of the end surface of a metallic rod, a  
linear preamplifier type RFT and a Fourier analyzer, 
type Stanford Research SR 760A, coupled to the 
computer by means of an IEE488 interface. The 
setup permits the estimation of the natural 
frequencies of the simple rods or of the connected 
binary rods, with a very high accuracy, which is due 
to the performance of the FFT Analyzer. 
  To adapt the theory to a numerical method 
and to advance a direct way of application, we 
defined a function 2( )f x c=  and by experimental 
determination of the system’s eigenfrequency, we 
look for the zeros of this function. Naturally, it is 
important to determine the zero of the function in the 
expectation domain.  
 In order to use the formulas (4), (5), (7) to 
determine the phase velocity of the longitudinal 
wave in the second coupled rod, we define the 
function: 
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which for 1

2

1, Z
Z

λ = − − yields as roots the value of 

the velocity 2c . 
In Figure 2 we represented the behavior of the 
function )(1 xf , by considering the first 
eigenvalue 1−=λ , for the expectation domain of 
variation of the [ ]2 2000 7000 /c m s∈ − , for two 
rods with the same cross-section, first consisting 
from brass and the second from carbon steel, with 
the lengths 1 20.4325 , 0.0292l m l m= = , and the bulk 
densities 3

1 8315 /kg mρ =  (brass) and 
3

2 7880 /Kg mρ = (carbon steel). The phase velocity 
of the gauge (brass) was determined by resonance 
method, 1 3399 /c m s= . The zero of the function 

1( )f x is achieved at 5100 /x m s= , and gives a good 
estimation of the phase velocity 2c . 
 

Figure 2. The zero of the function f1(x) in the 
domain 2000-7000 m/s 

  
4. CONCLUSIONS 
 

The method of the similar transfer matrices 
enables us to find the velocity of the elastic wave in  
materials, with the help of an experimental setup  
which operates with longitudinal elastic waves 
propagating in a binary system. 

The method uses an expression for the transfer 
matrix, which considers that between the  gauge 
material and the sample of interest there exists a 
sharp interface, which assumes the continuity of the 
wave function and of the stress at the boundary. If 
the connection between the two materials is near to 
this condition, the obtained results are highly 
accurately. The accuracy also depends on the 
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accuracy of the FFT analyzer which determines the 
frequencies. 

The described methods based on the transfer 
matrix also consider that the materials are 
nondispersive, so the mechanical impedance has no 
imaginary part. These methods are suited for the 
determination of the elastic modulus in the case of 
special materials, like ceramics for example, for 
which other methods are unworkable [8].  

The proposed methods assume a degree of skill, 
that is, the experimentalist must know the domain 
variation of the expected value of the phase velocity 
of the wave, in order to allow the suitable zeros of 
the implied functions. 
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