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Abstract: - The use of base isolation in developed countries has been recognized as a very effective 
method for upgrading the seismic resistance of the structures. The reduction in earthquake forces on a 
structure is achieved by adding horizontal soft isolation elements between the superstructure and the 
foundation. The efficiency of the isolator in reducing the seismic energy imparted to a structure is 
dependent on the flexibility of the supporting soil. The effects of radiation damping and the flexibility of 
the soil media are the deciding factors for structural design against earthquakes. In order to upgrade the 
seismic resistibility of structures and enhance the functionality of an isolator, a new base isolator called 
the multiple friction pendulum system (MFPS) is proposed in this study. 
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1. INTRODUCTION 
 

In order to upgrade the seismic resistibility of 
structures and the functionality of an isolator, a new 
base isolator called the MFPS is proposed in this 
study. The proposed MFPS isolator is composed of a 
trench concave surface and several intermediate 
sliding plates in two orthogonal directions. The 
MFPS isolator can provide different natural periods, 
displacement capacities and damping effects in any 
two independent directions. The natural period and 
damping effect for a MFPS isolator changes 
continually during earthquakes. The MTPS isolator 
can isolate most of the earthquake induced energy 
and provide good protection for structures from 
earthquake damage.                   

As shown in Fig. 1, the MFPS consists of three 
spherical concave surfaces and a special articulated 
slider which can be another sliding surface. 

 

 
Figure 1. Cross section of Multiple Friction Pendulum 
System 

 
Based on this design, the displacement capacity 

is much better then the FPS isolator with a single 
sliding surface. Moreover, the fundamental 
frequency is lower than that of the FPS due to the 
series connection of the doubled sliding surfaces, so 
the proposed device can be given as a more effective 
tool to reduce the seismic response of structures 
even subjected to the earthquakes with long 
predominant periods The MFPS is more than one 
friction pendulum system connected in series in each 
orthogonal direction. The capacity of the friction 
coefficient, displacement and radius of curvature of 
each trench concave surface or intermediate sliding 
plate in each direction can be different. The damping 
effect and the natural period of the MFPS isolator 
with several intermediate sliding plates it changes 
continually during an earthquake and so a large 
number of possibilities of combinations are available 
for engineering designs.  

 
2. MATHEMATICAL CHARACTERISTICS 
OF THE MFPS ELEMENTS  
 

Base isolation is a promising technique for 
controlling the seismic response of structures during 
earthquake motions. In order to find the 
mathematical formulations of the MFPS isolator we 
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consider the motion of the sliding interfaces acting 
on an X direction and we derived the formula as 
follows: 

- the radii curvature of the first and  second 
sliding interfaces are R1, R2 and R3; 

- the displacement capacity of the two 
sliding interfaces are v1, v2 respectively v3; 

- the friction coefficients of the three sliding 
interfaces are 1 , 2  respectively   3 ;;;  

- ui is the displacement on the i-th sliding 
interface for the X direction; 

- F is the mobilized force; 
- Ni is the normal force to the i-th sliding 

interface; 
- Ffi is the frictional force in the tangential 

direction; 
- G is the vertical force resulting from the 

superstructure; 
- i  is the rotation angle on the i-th 

interface relative  to the vertical direction. 
 
The motion of MFPS isolator takes place in five 

steps: 
- the articulated slider starts to slide on the 

third sliding interface; 
- the sliding motion on the third sliding 

interface will stop, and the second sliding 
interface will start sliding; 

- the sliding motion on the second sliding 
interface stops and the first sliding 
interface starts sliding; 

- when contact is made with the 
displacement restrainer on the first sliding 
interface, the sliding motion on the first 
sliding interface stops and the sliding of 
the second sliding interface is restarted; 

- when contact is made with the 
displacement restrainer on sliding 
interface, the sliding motion on the second 
sliding interface stops and the sliding of 
the third sliding interface is restarted. 

A. First faze 
 In this step the articulated slider starts to slide 

on the third sliding interface when 
23 ff FFF .  

We start from the assumption that: 
 

321 RRR >> ;;;  
 

321 >>    and ( ) iilii Rv -> -       
 
The motion in this case is outlined in Figure 2. 
 

 
Figure 2 Diagram of MFPS during the slide for stage A 

 
Starting from the equation of equilibrium for a 

direction X and neglecting the frictional forces (Ff) 
the governing equation in the horizontal direction 
and for vertical direction are given by equation (1) 
respectively (2): 

   
0cosFsinNF 33f33 =--           (1) 

 
0sinFcosNG 33f33 =+-           (2) 

 
By substituting N3 from equation (2) into 

equation (1) we obtain: 
   

3

33f
3 cos

sinFG
N

+
=                    (3) 

 
and if the displacements are small, equation (3) 

can be written: 
   

3f3
3

3f3 Fu
R
G

FsinGF +=+=          (4) 

 
The total displacement in the first case is: 
 

3321 u00uuuu ++=++=                 (5) 
 

Because 
3

3
3 R

u
sin = equation (4) can also be 

written as: 
 

3
3

fFu
R
GF                  (6) 

The diagram of the total displacement when the 
sliding takes place on the second surface was 
developed by C. S. Tsai, and Yung-Chang Lin: 
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Figure 3. Force-displacement relationship of the MFPS 
isolator for case A 
 

B. Second faze 
In the second case F=Ff2 , the sliding on the 

third sliding interface stops and the second slide 
interface will start to slide and so the force that is 
acting on this conditions is given by equation (7) and 
the transition that occur at displacement is given by 
equation (8): 

   

2f3f
3

FFu
R
G

F =+=                  (7) 

 

( ) ( ) 221
2

2f1f
* R

G
R

FFu +=+=           (8) 

 
For the second case the motion of the MFPS is 

outlined in Fig 4. 
 

 
 

Figure 4. Diagram of MFPS during the slide for stage B 
 
 

The governing equation for the horizontal and 
vertical direction is given by: 

 

( ) ( )
( )
( ) ( )32

3f

32

32

32

3f
32

cos
F

cos
sin

G

cos
F

tanGF

+
+

+
+

=

+
++=

               (9) 

  
The total displacement in this case 

is 32 uu0u ++= and u2 is given by: 
 

( ) ( )
G
R

FF
G
R

GFu 2
2f

2
22 -=-=        (10) 

 
The diagram for this case was also developed by 

C. S. Tsai, and Yung-Chang Lin: 
 

 
 

Figure 5. Force-displacement relationship of the MFPS 
isolator for case B 

 
C. Third faze 
The third step takes place when F=Ff1, and the 

sliding motion on the second sliding interface stops 
and the first sliding interface starts sliding. 

The third step of the MFPS motion is presented 
in the Figure below: 

 
 

Figure 6. Diagram of MFPS during the slide for stage C 
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The mobilized force in this case occurs at the 
displacement: 

 

332221

2

2

33322
1

**

RR
G
R

R
RFRRF

Fu ff
f    (11) 

 
 And has the mathematical form: 
 

( )
2

33f322f

2
1f R

RFRRF
u

R
G

F
+-

+=           (12) 

 
When Ff1<=F the force on the first interface is: 
 

1f1
1

Fu
R
G

F +=                      (13) 

The governing equation for the horizontal 
direction is expressed in equation (14) and for the 
vertical direction in equation (15): 

 
( ) ( ) 0cosFsinNF 212f212 =+-+-      (14) 

 
( ) ( ) 0sinFcosNG 212f212 =+++-     (15) 

 
The solution to the equation (14) and (15) is: 
 

( ) 2f
2

2

1

1
2f21 F

R
u

R
u

GFsinGF ++=++=  (16) 

 
From equation (16) we can find the governing 

equation on the third interface in the horizontal and 
vertical direction (17): 

 
( ) ( ) 0cosFsinNF 3213f3213 =++-++-  (17) 

 
For small displacements we use the follow 

equations: 
 

( ) ( ) 332
3

3f1f3 R
G
R

FFu -==            (18) 

 
( ) 2212 Ru -=                      (19) 

 
Combining equations (13), (18) and (19) results: 
 

( )
( ) ( )

1

33f322f211f

1

1f32
1

R
RFRRFRRF

u
R
G

Fuuu
R
G

F

+-+-
+=

+++=
  (20) 

 
The diagram for this case was also developed by 

C. S. Tsai, and Yung-Chang Lin: 

 
 
Figure 7. Force-displacement relationship of the MFPS 
isolator for case C 

 
D. Fourth faze 
This faze takes place when is made contact with 

the displacement restrainer on the first interface. In 
this case the motion on the first interface stops and 
restarts the motion on the second interface. The 
displacement on the first interface, u1, is equal to v1 
and the mobilized force, Fd1 , under such conditions 
is given by: 

 

1f1
1

1v Fv
R
G

F +=                     (21) 

After the contact, the mobilized force on the 
second sliding interface is obtained using equation 
(21). 

The mobilized force on the third sliding 
interface is given by: 

 

3
3

3

2

2

1

1
fF

R
u

R
u

R
vGF              (22) 

 
which leads to the formula of the displacement 

for the third interface: 
 

( ) ( ) 3323f2f
3

3 RFF
G
R

u -=-=     (23) 

 
The total displacement is u=u1+u2+u3, u2=u-v1-

u3, therefore: 
 

 

2
1

1
3321

2

2
1

1
31

2

F

f

F
R
vGRvu

R
G

F
R
vGuuu

R
GF

(24) 

 
The diagram for this stage is shown in Figure 8. 
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Figure 8. Force-displacement relationship of the MFPS 
isolator for case D 

 
E. Fifth faze 
For this faze the sliding motion on the second 

sliding interface stops and the sliding of the third 
sliding interface is restarted. The displacement on 
the first sliding interface, u1, is equal to v1, and the 
displacement on the second sliding interface, u2, is 
equal to v2. and so the mobilized force is expressed 
as: 

2f
2

2

1

1
2v F

R
v

R
v

GF ++=                 (25) 

By back-substituting equation (25) into equation 
(24), we obtain the transition displacement in total, 
uv2 , as follows: 

 
( ) 332212v Rvvu -++=              (26) 

 
In this case the mobilized force is equal to 

equation (c)  
The diagram for this stage is shown in Figure 9. 

 

 
 
Figure 9. Force-displacement relationship of the MFPS 
isolator for case E 

By observing the mobilized force and the 
displacement for each case, results some regularities: 

 
- R1>R2>R3>……..>Ri>…>Rn; 

 

- nj321 .......... >>>>>>  

 

-  ( ) ii1ii Rv -> -  

 
When the sliding motion occurs on the j-th 

sliding interface without contacting the displacement 
restrainer, the first to the (j-1)-th sliding interfaces 
remain standing still without any movement. The 
(j+1)-th sliding interface to the n-th sliding 
interfaces have already stopped, and the 
displacement in each sliding interface is expressed 
as: 
 
 When l<=i<j, ui=0; and 
 
 When j<i<=n, ( ) iilii Ru -= -  
 
 

And the mobilized force is: 
 

fjnjj
j

Fuuuuuu
R
GF ...... 1121

  (27) 

 
When contact is made with the displacement 

restrainer on the sliding interface j-1, the 
displacement capacities are reached from the first to 
the (j-1)-the sliding interfaces. The sliding motion 
occurs on the j-th sliding interface, and the 
displacement in each sliding interface is expressed 
as: 
 

 When l<=i<j, ui=vi; 
 
 When (j+1)<=i<=n, ( ) iilii Ru -= -  
 
And the mobilized force can be expressed as: 
 

fjnljljl
j

Fuuuuuu
R
GF ......2

   (28) 

 
To obtain the mathematical formulation in the Y 

direction can be obtain by following the same 
procedure as those presented so far. This means that 
by neglecting frictional forces from the walls of the 
intermediate sliding plates, the proposed MTFPS 
isolator with multiple intermediate sliding plates will 
move independently in two orthogonal directions. 
Accordingly, the natural period and damping effect 
of the isolator in each direction will change at 
various stages during earthquakes.  
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C. S. Tsai, Tsu-Cheng Chiang, Bo-Jen Chen 
made tests for building with and without MFPS and 
end up to the result that are shown in Figure 10. 

 

 
 
Figure 10. Response of o model structure with and 
without base isolation  

 
3. CONCLUSIONS 
 

Seismic isolators are structural joints that are 
installed between a structure and its support 
columns. The flexibility to select any isolator period 
makes the approach suitable for a wide range of 
applications. It is simple in design but with many 
properties and it have been uses in some of the 
world’s largest seismically isolated buildings and 
industrial tanks.  

This system provides large flexibility of serving 
different designing requirements for engineers and 
by moving the MFPS isolator independently in two 
orthogonal directions can provide different natural 
periods, displacement capacities, and damping 
effects in each direction. The natural period and 
damping effect of the MFPS isolator with multiple 
intermediate sliding plates can change continually 
during earthquakes. This might avoid the possibility 
of resonance induced by the ground motions.  

The purpose is to minimize damage caused by 
high level of forces developed during earthquakes. 
The objective of this study was to model the concept 
of base isolation systems and verify the reduction in 
lateral response due to a seismic event. 
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