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Abstract: - The paper studies, from the point of view of the dynamical systems theory, the nonlinear 
vibrations of a single-degree-of-freedom mechanical system. The differential equation of motion is 
analyzed using the method of variation of a significant parameter (time-history), as well as the phase 
plane method. The behavior of the system is highlighted for certain initial conditions and for certain 
values of the coefficients of the equation of motion. 
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1. INTRODUCTION 

 
Most mechanical devices and machines are 

nonlinear systems, which are studied, by various 
methods, in a first order approximation as linear 
systems. The results are in most cases satisfying and 
the activity of specialists is considerably simplified. 

However, certain nonlinear features must be 
taken into account, due to their consequences upon 
the functioning, reliability and quality of the 
systems. Even simple nonlinear systems may exhibit 
unpredictable behavior, which must be known, in 
order to avoid undesired effects [2]. 

The present paper studies a classical mechanical 
system, used in order to determine the mechanical 
moments of inertia [4], whose equation of motion is 
studied using the method of time-history analysis of 
a significant variable and the phase plane method. 
The two methods, together with Poincaré map, 
Melnikov’s method, entropy determining, elements 
of signaling theory and symbolical dynamics, 
Liapunov exponents, strange attractors, Smale’s 
horseshoe map belong to the dynamical systems 
theory [5]. 

Some characteristic aspects of the used methods, 
available in the literature, will be mentioned in the 
following. 
 
 

1.1. Time-history analysis of a significant 
variable 
 

The behavior in time of a significant variable 
may highlight a periodical or a non-periodical 
vibrogram. In the last case, a recursive nature can be 
present, when certain appearances repeat at irregular 
time intervals, suggesting a random phenomenon. In 
this case, the motion is chaotic, while the necessary 
time for the transition to this type of motion can be 
shorter or longer, depending on the initial 
conditions. 

In a great measure, the appreciation of the chaotic 
character of the motion is subjective, since different 
situation can also appear. Thus, a great, but finite, 
number of harmonic oscillations may be 
superimposed, creating the appearance of a chaotic 
motion, while, actually, a periodic motion with very 
high period occurs. The diagram may also be the 
superimposition of harmonic motions with non-
commensurable frequencies (quasi-periodical 
motions). 

It should be also pointed out that the results of a 
numerical computation, even very accurate, are 
uncertain, because of the high sensitivity of the 
system to the initial conditions. 

All these considerations suggest the necessity of 
at least a second study method. 
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1.2. Phase plane portrait 
 

If a significant variable txx  is chosen, its 
variation is represented in a diagram called phase 
plane, in which the state of the system is described at 
each moment of time t  by a point of coordinates 

tx  and tx . This diagram provides information 
regarding both position and velocity of the point. 

The theory [5] states that the phase plane portrait 
is a closed curve if the motion is periodical and a 
curve approaching a fixed, stable point or a limit 
cycle if the motion is regular. If the motion is 
chaotic, the phase plane portrait can be much more 
complicated. 

 
2. PRESENTATION OF THE 

MECHANICAL SYSTEM 
 

In order to determine the mechanical moment of 
inertia of a cylinder, with respect to the symmetry 
axis, the pendulum method will be used. 

A cylinder (with mass m  and with a slight 
eccentricity d ), will be positioned with the 
generatrix tangent to a supporting surface. On one of 
its frontal surfaces, a bar (with length L  and mass 

Bm ) is fixed. An additional mass Sm ) can be placed 
on the bar (Figure 1). 
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Figure 1. Studied system 

An oscillatory motion is induced to the cylinder 
by removing it from the equilibrium position. This 
motion is analyzed in two cases: 

1) the cylinder is positioned on the supporting 
surface without the bar and the additional mass; in 
this case, the oscillation period is 1T ; 

2) the cylinder is positioned on the same 
surface, with bar and additional mass; in this case, 
the oscillation period is 2T . 

In order to determine the equations of motion, 
Lagrange equations of second species are used [1], 

 ,....n,kQ
q
E

q
E

t k
kk

21    ,
d
d , (1) 

where the following notations have been introduced: 

E - kinetic energy; 
kq  - generalized coordinates; 

kq  - generalized velocities, 

k
k q

LQ  - generalized forces; 

L  - virtual work. 
 

a) In the case of a flat rail, the study of the 
analyzed dynamic system is performed by means of 
the one-degree-of-freedom model in Figure 2. 
Connection relations can be written between the 
coordinates of the center of mass of the whole 
system and the rotation angle, considering that the 
motion takes place with rolling without sliding [1]. 
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Figure. 2. The system in the case of a flat rail 

It results 
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where the generalized coordinate is q . 
The kinetic energy is: 

 222

2
1

2
1

CJyxME , (3) 

where M  is the mass of the whole system, while  
CJ  is the moment of inertia of the whole system, 

with respect to the centre of mass. 
By replacing relations (2) into expression (3), it 
follows: 

 222 cosRe2
2
1

CJeRME . (4) 

The virtual work of the forces acting upon the 
system is 

 sinMgeL , (5) 

which allows to determine the generalized forces, 

 sinMgeQ  (6) 

and to write the differential equation of motion: 
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b) In the case of a curved rail, it is 
considered that the supporting surface is an arc of a 
circle with radius 1R  (Figure 3), and the disk rolls 
without sliding after being removed from the 
equilibrium position with an angle  with respect to 
the vertical. 
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Figure 3. The system in the case of a curved rail 

The following can be written [1]: 
- the velocity of the center of the disk is [1], 

 rRvC ; (8) 

- the angular velocity of the cylinder, 

 
R

RR
IC
vC 1 ; (9) 

- the kinetic energy of the system, 

 2
2

12
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1
R

RRJRRME C ; (10) 

- the work of the weight, 
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Applying the theorem of kinetic energy and work in 
its differential form, 

 0
d
d LE
t

. (12) 

the differential equation of motion is obtained:  
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2. ANALYSIS IN THE FIRST ORDER 
APPROXIMATION 
 

a) In the case of a flat rail (Figure. 2), 
differential equation (7) becomes 

 0
2

CJeRM

Mge
, (14) 

respectively 

 0 2 . (14’) 

The equation can be analyzed in order to 
determine the mechanical moment of inertia [4]. 

The following numerical data were considered: 

 kg 100kg, 23.1mkg, 185 S .mm B , 

 mm 3000mm, 500mm, 35 .lLR , 

 s 603s, 904 21 .T.T . 

The oscillation period is 

 
Mge

eRMJT C
2

22 . (15) 

The analytical results are shown in Table 1. 

Table 1 

Study conditions Moment of inertia 
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For the above mentioned values, the following 

numerical results have been obtained: 
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 2mkg00208330,kg33186 .J.M B , 

 2mkg1912,m0.002165 .Jd . 
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Figure 4. First order approximation, flat rail –
displacement, velocity and acceleration 
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Figure 5. First order approximation, flat rail – energy 
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Figure 6. First order approximation, flat rail – phase 
plane 

Differential equation (14) has the solution of the 
form [1] 

 tCtCtx sincos 21 , (16) 

or, for initial conditions '
00 0,0 xx xx , 

 txtxtx sincos
'
0

0 . (17) 

Solution (17) can be expressed in the equivalent 
form 

 tCtx cos , (18) 

where 
0

'
0

2'
02

0 arctg ,
x
xx

xC . 

For the considered values, the results in Figures 
4-6 were obtained. 

These results are in agreement with the theory of 
the free undamped vibrations [4]. 
 

b) In the case of a curved rail, by neglecting 
the eccentricity of the cylinder (Figure 3), 
differential equation (13) becomes 

 0
2

12
1

1

R
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C

, (19) 

respectively 

 02 , (19’) 

which, by virtue of expressions (16), (17) and (18), 
leads to the results in Figures 7-9. 

Once again the results are in agreement with the 
theory [3]. 
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Figure 7. First order approximation, curved rail –
displacement, velocity and acceleration 
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Figure 8. First order approximation, curved rail – energy 

 
 
 
 

 

s
rad

 

 

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
-1.5 

-1 

-0.5 

0 

0.5 

1 

1.5 

Initial state 

 
  rad  

Figure 9. First order approximation, curved rail – phase 
plane 

4. ANALYSIS IN THE SECOND ORDER 
APPROXIMATION 
 

For a more detailed analysis of the system, the 
motion is studied by taking into account some terms 
neglected in the first order approximation, as well as 
by considering the influence of a perturbation force 
and of the damping. 

Differential equations of motion (7) and (13), 
respectively, will be used, rewritten with the 
approximations known from the literature [1]: 

...
1206

-sin...,
242

1cos
5342

 (20) 

4.1. Free oscillations 
 

a) In the case of a flat rail (Figure. 2), 
differential equation of motion (7) takes the form 

 02 222 geeR
M
J

eReR C , (21) 

equivalent with the system of ordinary differential 
equations 
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After replacing the corresponding numerical 
values, the results plotted in Figure 10 were 
obtained. 
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Figure 10. Second order approximation, flat rail – phase 
plane 

b) In the case of a curved rail, without 
eccentricity (Figure 3), differential equation (13) 
becomes 
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equivalent with the system of ordinary differential 
equations 
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After replacing the corresponding numerical 
values, the results plotted in Figure 11 were 
obtained. 

By comparing the trajectories described by the 
representative points in Figures 6 and 9, with those 
in Figures 10 and 11, respectively, it can be 
concluded that, in the case of a free oscillation, the 
terms taken into account do not modify significantly 
the characteristics of the motion, reflected by the 
corresponding phase planes. 
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Figure 11. Second order approximation, curved rail – 
phase plane 

4.2. Undamped forced oscillations 
 
The existence of a perturbation force 

tFFP cos0  is admitted (Figure 12, 15), which 
leads to new forms of the differential equations of 
motion and, consequently, of the corresponding 
representations in the phase plane. 

a) In the case of a flat rail (Figure 12), the 
differential equation of motion is: 
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The general form of this equation is: 

 tfba cos2 . (26) 
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Figure 12. Forced system in the case of a flat rail 

For the numerical values 
 000034567.0a , 009688197.0b , 
 2f , 500 ,0t , 
the plots in Figures 13-14 have been obtained. 
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Figure 13. Flat rail, 8.0  
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Figure 14. Flat rail, 07.0  
 

b) In the case of a curved rail (Figure 15), the 
differential equation of motion is: 
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Figure 15. Forced system in the case of a curved rail 
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The general form of this equation is: 
 tfcb cos1

3
11 . (28) 

For the numerical values 
 8148.81b , 4691.11c , 500 ,0t , 
the plots in Figures 16-17 have been obtained. 
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Figure 16. Curved rail, 21f , 2.0  
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Figure 17. Curved rail, 51f , 5.0  

Two values for the amplitude and for the 
eigenfrequency of the perturbation force have been 
chosen, while the other coefficients of differential 
equation, as well as the initial values, were kept 
unchanged. 

It can be observed that, no matter of the rail type 
(flat of curved), in the presence of the perturbation 
force, two influence foci appear. This phenomenon 
is more evident for the curved rail, because of the 
third order term of the variable. 

 
4.3. Damped forced oscillations 
 

The existence of a perturbation force 
tFFP cos0  is admitted, as well as a damping, 

due to variable causes (such as non-regularities of 
the rail, viscous damping of the constructive 
elements etc.), which leads to new forms of the 

differential equations of motion and, consequently, 
of the corresponding representations in the phase 
plane. 

a) In the case of a flat rail (Figure 12), the 
differential equation of motion is of the form: 
 tfdba cos2 . (29) 
For the numerical values 
 000034567.0a , 009688197.0b , 
 2f , 500 ,0t , 
the plots in Figures 18-20 have been obtained. 
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Figure 18. Flat rail, 1.0d , 2  
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Figure 19. Flat rail, 01.0d , 100  
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Figure 20. Flat rail, 01.0d , 04.0  
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b) In the case of a curved rail (Figure 15) , 
the differential equation of motion is of the form: 

 tfdcb cos11
3

11  (30) 

 
 
 
 

 

s
rad

 

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8
-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
p p ( )

  rad  

Figure 21. Curved rail, 2  
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Figure 22. Curved rail, 04.0  

For the numerical values 
 8148.81b , 4691.11c , 01.01d , 
 21f , 500 ,0t , 
the plots in Figures 21-22 have been obtained. 

The trajectories in the phase plane are relatively 
complicated. The existence of the third order term in 
the differential equation of motion for the curved rail 
enhances the tendency of appearance of two attractor 

pools and, consequently, the possibility of 
deterministic chaotic motion [5]. 
 
CONCLUSIONS 
 

The paper studies the motion of a mechanical 
system, considered in several configurations, from 
the point of view of the dynamic systems theory. 

For the flat and curved rail, respectively, the time 
dependences of the significant variable and of the 
energy are analyzed, as well as the phase plane 
portrait. The second method is preferred, since it 
offers a larger amount of information regarding the 
evolution of the vibrating system. 

The results obtained for various numerical 
values, keeping unchanged the integration 
conditions, show the influence of the coefficients of 
the differential equation of motion. Thus, the 
evolution towards deterministic chaotic motions can 
be identified, allowing it to intervene since the 
design phase against undesired phenomena. 

It should be remarked that, even for simple 
mechanical systems, or more complicated ones, that 
contain such components, it is important to 
determine the role of the parameters for a proper 
functioning and any change in the working regime 
or in the constructive elements can lead to 
unpredictable evolutions, with important negative 
consequences 
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