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Abstract: - This paper presents the researches made by the authors in order to detect damages in beams
using natural frequencies by applying the superposition principle. The chosen type of beam was the
cantilever one, for which a database containing the first ten natural frequencies in undamaged state was
realized. The database was completed with the first ten natural frequencies of the beam with one damage
in 200 points and 3 levels of severity. The resulted frequency shift for each place of the damage was used
to create a pattern, in order to describe the behavior of the damaged beam. The natural frequencies were
determined using the Finite Element Method (FEM). Finally, two damages on the beam were modeled
and analyzed and the superposition principle was applied and compared with the analyzed cases for the

beam with one damage.
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1. INTRODUCTION

In physics and systems theory, the superposition
principle, also known in the literature as the
superposition property, states that, for all linear
systems, the net response at a given place and time
caused by two or more stimuli is the sum of the
responses which would have been caused by each
stimulus individually [1].

Mathematically, for a linear system F, defined by
F(x) =y, where x stay for input and y for output or
response, the superposition (i.e., sum) of inputs
yields a superposition of the respective responses:

Fxp+xy+-)=F(x)+F(xy)+-- (1)

This principle applies to any linear system,
including algebraic equations, linear differential
equations, and systems of equations of those forms.
The inputs and responses can be numbers, functions,
vectors, vector fields, time-varying signals, or any
other object which satisfies certain axioms. It has
many applications in physics and engineering
because many physical systems can be modeled as
linear systems. For example, a beam can be modeled
as a linear system where the input stimulus is the

load on the beam and the output response is the
deflection of the beam.

Because damages influence the dynamic behavior
of structures, changing their mechanical and
dynamic characteristics such as natural frequencies,
mode shapes, damping ratio, and stiffness or
flexibility, these characteristics can be used to detect
damages. The advantage of the dynamic methods is
linked to the fact that these techniques do not request
access to the damaged area, while conventional
methods require direct accessibility to the area to be
inspected [2], [3].

In literature, [4] and [5], are presented a series of
vibration based on damage detection techniques, for
structures and simple elements, based on: natural
frequency shifts, damping, change of mode shapes
and flexibility of structures. Starting from this, a
series of authors focused their researches on simple
elements, like cantilever beams [6], [7], [8] or on
simple supported beams [9].

Similar researches have been done by the
authors, [2], [10] and [11], in order to show that it is
possible to detect damages in cantilever beams,
without concentrating on the localization or
characterization of the damage. Thus, they have
proved the effectiveness of the method.
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In this paper, based on previous work, we
demonstrate that the superposition principle is
available for damage detection in beam with
multiple cracks.

2. THE DATA BASE

The chosen type of beam is a steel cantilever
beam (figure 1) having the following geometrical
characteristics:

- length /=1000 mm

- wide =50 mm

- height ~=5 mm
and consequently, for the undamaged state the:

- cross-section 4 = 250-10° m?,

- moment of inertia / =520.833-102m",

The chosen material parameters for the FEM
simulations are in concordance to that of the real
beam, being:

- mass density p = 7850 kg/m’

- Young’s modulus E =2.0-10""N/m’

- Poisson’s ratio v=10.3.

The beams were analyzed, both in the
undamaged and damaged case, using the finite
element methods (FEM). The 3D beam was meshed
by 2 mm elements for the undamaged beam and the

Table 1. The first ten natural frequencies for undamaged
beam

Mode Natural Natural

. frequency f; Mode i frequency f;
! [Hz] [Hz]

1 4.08986 6 3474518

2 25.6266 7 485.4578

3 71.7545 8 646.5624

4 140.6275 9 830.7827

5 232.5200 10 1038.1089

Tables 2, 3, 4, and 5 presents the natural
frequencies for damaged beam with:

- damage location D;=100 mm from clamped end
and damage depth 6,=25% (table 2);

- damage location D,=300 mm from clamped end
and damage depth 6,=25% (table 3);

- damage location D;=100 mm from clamped end
and damage depth 6,=50% (table 4);

- damage location D,=300 mm from clamped end
and damage depth %,=50% (table 5);

Table 2. The first ten natural frequencies for damaged
beam, with damage location D;=100 mm and damage
depth 6,=25%

same mesh but with finer elements in the vicinity of Mode Natural . Natural
damage for the damaged beams. The first ten natural i freq[lﬁm]c v/ Mode freq[lllin]c v/
frequencies of the weak-axis bending modes (table Z Z
. 1 4.059037 6 346.82568
1) for the undamaged beams were determined.
. 2 25.55488 7 483.98076
Afterwards, a series of damages placed separately
one after the other on 200 locations along the whole 3 71.71929 8 644.19007
length of the beam were modeled. We selected 4 140.64812 9 827.91371
uncomplicated damage geometry, easy to reproduce 5 232.40423 10 1035.44727
on the real structure by saw cuts, with the constant
width of 2 mm and 3 levels of depth, reducing the
cross-section by 25, 50 and 75% respectively.
D2
D1 A
7 e B+
]
L=1000
o A B-B
f’ L N
i it b=50
Figure 1. Cantilever beam with two damages
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Table 3. The first ten natural frequencies for damaged
beam, with damage location D,=300 mm and damage
depth 8,=25%

Mode Natural Natural
; frequency f; Mode i frequency f;
[HZ] [Hz]
1 4.07550 6 346.02711
2 25.60831 7 484.06905
3 71.48489 8 646.57395
4 140.43561 9 828.31669
5 232.41482 10 1034.05565

Table 4. The first ten natural frequencies for damaged
beam, with damage location D;=100 mm and damage
depth 5,=50%

Mode Natural ‘ Natural

. frequency f; Mode i frequency f;
' [Hz] [Hz]

1 3.93953 6 344.01226

2 25.28665 7 477.78037

3 71.571294 8 634.90540

4 140.65835 9 817.33583

5 231.76673 10 1025.67538

Table 5. The first ten natural frequencies for damaged
beam, with damage location D,=300 mm and damage
depth 6,=50%

Mode Natural Natural
; frequency f; Mode i frequency f;
[Hz] [Hz]
1 4.01882 6 340.44118
2 25.51489 7 479.00574
3 70.36003 8 646.54081
4 139.65603 9 818.61832
5 231.96767 10 1019.25190

For all ten vibration modes, at each damage
location and for each level of damage depth we
consider the relative frequency shift, given by
following relation:

8 (5,8), = L=k 1 (04 2)
Tu
where,

fu [Hz] - represent the natural frequency for the

undamaged beam;
f(x,0); [Hz] - represent the natural frequency for

the damaged beam, with damage at location x and
damage depth ¢, for vibration mode i.

By representing the relative frequency shift
versus vibration mode i, we obtained the relative
frequency shift tendency, which permits to localize
and assess the damage on the beam.

Figure 2, 3, 4 and 5 presents the relative
frequency shift tendency for the damaged beam for
the mentioned cases.

0.8

0.6 N

/] i
%5

1 2 3 4 5 6 7 8 9 10
Vibration Mode
Figure 2. Relative frequency shift tendency for damaged
beam with damage location at D;=100 mm from clamped
end and damage depth 6,=25%
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Figure 3. Relative frequency shift tendency for damaged
beam with damage location at D,=300 mm from clamped
end and damage depth 6,=25%
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Figure 4. Relative frequency shift tendency for damaged
beam with damage location at D;=100 mm from clamped
end and damage depth 6,=50%
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Figure 5. Relative frequency shift tendency for damaged
beam with damage location at D,=300 mm from clamped
end and damage depth 6,=50%

The resulted frequency shifts for each damage
location were used to create a pattern, in order to
describe the behavior of the damaged beam.

3. CANTILEVER BEAM WITH TWO
DAMAGES

For the cantilever beam, shown in figure 1,
having in the same time two damages like that
presented in the above analyzed cases, we obtained
by means of the finite element method the natural
frequencies for the first ten vibration modes (tables
6,7,8 and 9).

Table 6. The first ten natural frequencies for damaged
beam, with first damage location D;=100 mm and damage
depth 8,=25% and second damage location D,=300 mm
and damage depth 6,=25%

Table 8. The first ten natural frequencies for damaged
beam, with first damage location D;=100 mm and damage
depth 8,=50% and second damage location D,=300 mm
and damage depth 6,=25%

Mode Natural Natural
; frequency f; Mode i frequency f;
[Hz] [Hz]
1 3.92561 6 342.85715
2 25.25236 7 476.90553
3 71.27054 8 634.87899
4 140.46089 9 813.89692
5 231.77107 10 1020.55701

Table 9. The first ten natural frequencies for damaged
beam, with first damage location D;=100 mm and damage
depth 8,=50% and second damage location D,=300 mm
and damage depth 6,=50%

Mode Natural Natural

. frequency f; Mode i frequency f;
! [Hz] [Hz]

1 3.87447 6 337.31319
2 25.14623 7 472.67173
3 70.12210 8 634.62335
4 139.65215 9 802.14555
5 231.32531 10 1005.73674

Using relation (2) it can obtain the relative
frequency shift.
The relative frequency shift versus vibration
mode i for the analyzed cases are presented in
figures 6, 7, 8 and 9.

1.2

0.8

Mode Natural Natural

. frequency f; Mode i frequency f;
' [Hz] [Hz]

1 4.044616 6 345.45723
2 25.53311 7 482.65311
3 71.44099 8 644.19695
4 140.44632 9 825.29787
5 232.32073 10 1031.05163

Table 7. The first ten natural frequencies for damaged

beam, with first damage location D;=100 mm and damage

depth 8,=25% and second damage location D,=300 mm

and damage depth 6,=50%

Mode Natural Natural
; frequency f; Mode i frequency f;
[Hz] [Hz]
1 3.98864 6 339.89717
2 25.43834 7 477.60397
3 70.30737 8 644.16234
4 139.63771 9 815.39011
5 231.90323 10 1015.90873
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Figure 6. Relative frequency shift tendency for damaged

beam with first damage location at D;=100 mm from

clamped end and damage depth 6,=25% and second

damage location at D,=300 mm from clamped end and

damage depth 6,=25%

The damage places on the beam for the presented
examples are taken arbitrary; the phenomenon is
similar for any other damage cases, irrespective to
damage location and depth.
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Figure 7. Relative frequency shift tendency for damaged

beam with first damage location at D;=100 mm from

clamped end and damage depth 8,=25% and second

damage location at D,=300 mm from clamped end and

damage depth 5,=50%
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Figure 8. Relative frequency shift tendency for damaged

beam with first damage location at D;=100 mm from

clamped end and damage depth 8,=50% and second

damage location at D,=300 mm from clamped end and

damage depth 6,=25%
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Figure 9. Relative frequency shift tendency for damaged

beam with first damage location at D;=100 mm from

clamped end and damage depth 6,=50% and second

damage location at D,=300 mm from clamped end and

damage depth 3,=50%
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5. THE SUPERPOSITION PRINCIPLE

Relation (1) applied to relative frequency shift for
the beam with two damages, leads us to the
conclusion that the sum of relative frequency shift
for damaged beam with damage at location D, and
location D, is equal with the relative frequency shift
for a beam damaged at locations D; and D;.

Figures 10, 11, 12 and 13 certify that the
superposition principle applied on damaged beams,
by using natural frequencies and their relative
frequency shift is possible.

In these figures, the dashed line represents the
relative frequency shift for first damage at location
D, the solid line represents the relative frequency
shift for damaged beam with two damages and the
dotted line the sum of relative frequency shift for
first and second damaged beam.

Relative Frequency Shift Tendency [%]

Vibration Mode
Figure 10. Superposition principle applied on a damaged
beam with first damage location at D;=100 mm from
clamped end and damage depth 8,=25% and second
damage location at D,=300 mm from clamped end and
damage depth 6,=25%
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Figure 11. Superposition principle applied on a damaged
beam with first damage location at D;=100 mm from
clamped end and damage depth §,=25% and second
damage location at D,=300 mm from clamped end and
damage depth 8,=50%
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Figure 12. Superposition principle applied on a damaged

beam with first damage location at D;=100 mm from

clamped end and damage depth 8,=50% and second

damage location at D,=300 mm from clamped end and

damage depth 6,=25%
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Figure 13. Superposition principle applied on a damaged
beam with first damage location at D;=100 mm from
clamped end and damage depth 8,=50% and second
damage location at D,=300 mm from clamped end and
damage depth 5,=50%

6. CONCLUSIONS

The investigations lead to the conclusion that the
superposition principle is valid, so the frequency
changes of a beam with multiple cracks have a
similar effect with the sum of frequency changes
produced by each individual crack. Statistical
methods were developed to extract the parameters of
individual cracks from data obtained by
measurements on multiple damaged beams.

The superposition principle presented in this
paper, applicable to beams with open cracks, is
based on certain phenomena characteristic to the
dynamic behavior of beams, highlighted as a result
of several numerical and experimental studies
developed by the authors.

This property can be used to detect and assess
damages in beams, even for complex cases
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