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Abstract: - This paper approaches a field of advanced research: the study of vibrations of industrial 
centrifuges by applying the transfer matrix method. It will be established a study model considering the 
shaft as continuous medium. The transfer matrix and the transition matrices will be established. The case 
of the free vibrations will be developed. The results will be compared with them obtained using the study 
model for centrifuges, as discrete system with two degrees of freedom. The paper proposes new 
approaches in the subject field. 
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1. INTRODUCTION 
 

The centrifuge is a mechanical system composed 
of a flexible shaft with a negligible mass and a 
basket mounted on the shaft; the weight of the 
basket is much bigger than that of the shaft [6]. 

This paper deals with the calculation of the 
natural frequencies of the shaft. By knowing these 
natural frequencies, and also the critical speed, it 
will be avoided the operation of the centrifuge at this 
speed or around this kind of speed. 

Figure 1 presents the diagram of the horizontal 
and vertical centrifuges with the basket in console. 
“G” represents the weight of the basket, together 
with the operating material. In the calculation 
relations there are terms specific to the vertical 
centrifuges, which take into account the weight of 
the basket. The influence of this weight upon the 
results is very small, so the results obtained in the 
case of a horizontal centrifuge may be considered 
valid for the vertical centrifuge as well [1], [2]. 

In this paper the horizontal centrifuge is 
considered. 

The model of the centrifuges in order to study the 
bending vibrations can be made in two ways: 

- discrete system with a finite number of degrees 
of freedom, composed of a flexible shaft with a 
negligible mass positioned on two  bearing 
blocks and a basket fixed on the shaft  [3]; 

- flexible shaft considered to be a continuous 
medium positioned on two  bearing blocks and a 
basket fixed on the shaft. 

The hereby documentation uses the model with 
flexible shaft considered to be a continuous medium. 
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Figure 1. Centrifuges with the basket in console 
 

2. DESCRIPTION OF METHOD AND 
SIMPLYFIING HYPOTHESIS 

 
It is considered that the shaft of the centrifuge is 

formed of straight elements of constant section  
which effect bending vibrations. 

Each element can effect vibrations in two 
perpendicular plans which are containing 
longitudinal axis of the element (figure 2). 



 

RJAV vol IX issue 1/2012                                            48                                                         ISSN 1584-7284 

By choosing the system of axes presented at 
figure 2, with the Oy axis along the shaft, so in 
perpendicular position on the basket, and the Ox axis 
in the drawing plan, the bending vibrations shall be 
studied in the xOy plane. 
 

x
y

kk-1
z

 
Figure 2. The system of axes 

 
It is constructed a transfer matrix for the bending 

vibrations in the xOy plane. Also, transit matrices 
are constructed to keep account of the configuration 
of the shaft. Also a saltus matrix for variations 
multi-stage sections, a transit matrix over an elastic 
bearing, and a transit matrix over a basket are 
constructed. 

It is starting from the left terminal point and it is 
crossing the system from an element to an other one 
till the right terminal point. Depending of the type of 
the leaning, the boundary conditions are written. It is 
obtained an algebraic system. The natural 
frequencies are obtained from the condition that the 
system to admit non-zero solution. 
 
3. TRANSFER MATRIX FORE ONE 
    ELEMENT 
 

Fore one element of the shaft, with the length l, 
which effects bending vibrations like in the second 
section, choosing the reference system like in the 
figure 2 and with the literal notations like in the 
figure 3, between the state vectors of ends of the 
element number k, r

kq 1  and l
kq , can be written 

the matrix relation (1) 4 : 
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Figure 3. Literal notations for bending vibrations 
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A
 - ix is the natural angular 

frequency of n order; - density of material; A - area 
of cross section; E -Young’s modulus (longitudinal 
modulus of elasticity); I - second moment of area on 
Oz axis; F – shearing force; M – bending moment; 

lS , lT , lU , lV  - Krîlov–Rayleigh 

functions. 

The matrix (4x4), named A k, is the transfer 
matrix for the element k. 
 
4. SALTUS MATRIX 
 

For an element of the shaft with variable multi-
stage section, in the node k, where appears a saltus 
of sections, between the left state vectors and right 
state vectors of section k, l

kq  and r
kq , can be 

written the relation [4]: 
 

l
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r
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The square matrix (4x4), named B k, from 

relation (3) is a scalar matrix and it is called saltus 
matrix in the section k. The non-zero elements of 
this matrix are: 
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5. TRANSITION MATRIX OVER AN  
    ELASTIC BEARING 
 

For an elastic bearing, it is necessary to introduce 
a special matrix. So between the left and right state 
vectors in node k can be written the matrix relation: 

 
l
kk

r
k qEq .                       (4) 

The square matrix (4x4), named [E]k, represents 
transition matrix over a radial elastic bearing [5]. 
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Figure 4. Elastic bearing 

 
The non-zero elements of this matrix are: 

1EEEE 4,43,32,21,1 ; 
IE

KE 3
x

1,4 . 

Kx,  is the bearing’s elastic constant. 
 

6. TRANSITION MATRIX OVER BASKET  
 
Each centrifuge has a basket. It is necessary to be 

constructed a transition matrix for the basket. It is 
considered that the basket is fixed on the shaft in the 
node k. The fixing point of the basket is O (figure 5). 
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Figure 5. The basket 
 

In the case of the centrifuges, the basket cannot 
be considered a thin disk and the fixing point of the 
basket cannot be the centre of mass of the basket 
(figure 5). 

It is applied the d’Alembert’s principle [8]. The 

resultant moment vector of d’Alembert’s fictitious 
forces is calculated with respect to the fixing point 
of the basket, O. It is obtained: 
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 where 
- inF is the resultant of d’Alembert’s fictitious forces 
- mt  is the mass of the basket; 
- , ,   are the coordinates of the centre of mass; 
- xv  is the displacement, xixxx tcos)y(Vv  
-  is the angular speed; 
-   is the angular acceleration; 
- in

oM is the resultant moment vector of d’Alembert’s 
         fictitious forces; 
- czJ  is moment of inertia with respect to Cz axis; 
- cxzJ , cyzJ  are products of inertia; 

- ix is the natural angular frequency for bending 
         vibrations. 

But 
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Because of the high rigidity, the amplitude of the 

deformation  has low values. 2 can be neglected 
with respect the . In these conditions are obtained: 
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From the expressions of the resultant moment 
vector of d’Alembert’s fictitious forces (9) it results 
that the axial vibrations, the torsion vibrations and 
the bending vibrations are coupled. 

The reasons are the shape of the basket and the 
operational features. The shape of the basket and the 
uneven deposits of the work material on the wall of 
the basket are the reasons for which the axes Ox, Oz 
and Oy are not axes of symmetry, so principal axes 
of inertia, and also the centre of mass of the basket is 
not on the Oy axis. 

In this paper will are compared the results 
obtained by using two models: discrete system with 
two degrees of freedom and flexible shaft considered 
to be a continuous medium, positioned on two  
bearing blocks, with a basket fixed on it. 

That is why it will be considered that the deposits 
of the work material on the wall of the basket is 
even, so that the Oy is axis of symmetry, and the 
centre of mass of the basket (including the work 
material) is placed on the Oy axis. In these 
conditions 0Jcyz  and 0 . 

0JJ 2z2x2c1z1x1c  because it has been 
considered that the deposits of the work material is 
uniform and 02211  because it has 
been considered that the centre of mass is placed on 
the Oy axis. 

In these conditions it results 0Jcxz . 
The expressions of the resultant and the resultant 

moment of d’Alembert’s fictitious forces are: 
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Between the left and right state vectors of the k 

node can be written the matrix relation (12): 
 

l
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r
k qDq .                       (12) 

 
The square matrix (4x4), written D k, is the 

transition matrix over a basket in the node k. It is a 
rare matrix. The non-zero elements are: 
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Comparing with the transition matrix over a thin 
disk [5], we can see that in the transition matrix over 
a basket appear the non-zero elements 1,3D , 

2,4D and the element 2,3D  has an other form. 
For a basket mounted in console, which has a 

rotation motion, together with the shaft, around his 
longitudinal and symmetry axis, Oy, (figure 6) 
having the revolution speed , the expressions of 
the gyroscopic moment have been established [1], 
[3], [7]. 
 

 

Figure 6. Action of the gyroscopic moment 
 

It will be considered only the projection of the 
gyroscopic moment on the axis Oz, zMM , 
because in this paper the bending vibration in the 
plane xOy are studied. 

It is obtained: 
-for the forward precession: 
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-for the backward precession: 

 

x
2
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In the transition matrix over a basket in the node 

k, [Dk], only the element D3,2 will be modified: 
 -for the forward precession: 
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-for the backward precession: 
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7. TRANSFER MATRIX FOR THE SHAFT- 
    BASKET SYSTEM 
 

The system shaft-basket is divided in straight 
elements which have constant section and which are 
not acted by concentrated forces or moments. 

The elements obtained are numbered in order 
beginning with number 1 for the first element from 
the left side. The system will be traversed from the 
left to the right on the mean fibre. 
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Figure 7. The numbering of the elements of the system 

 
The points where appear a saltus of section or act 

concentrated forces or moments are named nodes. 
The numbering of the nodes begins with number 0 
for the first node from the left side. So, the element 
number k will be bounded by the nodes k-1, at the 
left side, and k at the right side. 

For each element k (k=1, 2,---, n ) is written the 
transfer matrix [A]k. 

In the state vectors for the nodes from the ends of 
the system, 0 and n, will appear the boundary 
conditions. 

In the internal nodes, 1, 2,---, n-1, intervene the 
matrices presented: 
 [B]k - saltus matrix;   

[D]k - transition matrix over basket;  
 [E]k   - transition matrix over an elastic  
                       bearing. 

The matrix relations between the left and right 
state vectors of the nodes can be written. 

Replacing successively, it is obtained the matrix 
relation between the state vectors of ends from the n 
element, l

nq  and the first (point of start) r
0q  : 

 
r
0

l
n qQq ,                        (15) 

 
where, is written 
 

  111kk1k1nn AHAHAHAQ . 
 
The square matrix (4x4), named Q  is called 

transfer matrix for the shaft-basket system. 
[H]k can be one of the matrices [B]k, [D]k, [E]k.  
Depending of the type of leaning we write the 

boundary conditions and we obtain an algebraic 
system. We put the condition that the system to 
admit non-zero solution and we obtain the natural 
angular frequencies. 
 
8. APPLICATION 
 

It has been considered, as example, the centrifuge 
from [3]. 

The geometrical and mechanical characteristics 
of the shaft-basket system are the following: length 
of the shaft (including the console part): 0.8 m; 
diameter of the shaft: 0.08 m; diameter of the basket: 
0.5 m; length of the basket: 0.12 m; distance from 
the bearing to the fixing point of the basket: 0.05 m; 
density of the material of the shaft and basket: 7800 
kg/m3; longitudinal modulus of elasticity (Young’s 
modulus): 21 x 1010 N/m2; revolution speed: 2000 
r.p.m.; 

The mechanical moments of inertia: 
8755.1CyJ  kg·m2; 0628.1CzJ  kg·m2. 

The results from the study of the vibrations of the 
centrifuge, using the method presented in this paper, 
will be compared with them obtained considering 
the centrifuge as discrete system with two degrees of 
freedom, composed of a flexible shaft, with a 
negligible mass, positioned on two  bearing blocks 
and a basket fixed on the shaft  (simplified model) 
[2]. 

For the firsts 5 natural frequencies the values 
from the table 1 have been obtained. 

 
Table 1. The first 5 natural frequencies 

transfer matrices method 
natural frequencies [Hz] precession

1 2 3 4 5 
backward 118.3 393.2 1193.3 2421.8 3469.9 
neglected 133.5 396.8 1194.1 2423.3 3475.9 
forward 150.3 401.1 1194.8 2424.9 3481.5 

 model with 2 degrees of  freedom 
natural frequencies [Hz] precession

1 2 3 4 5 
backward 143.6 - - - 3107.8 
neglected 150.6 - - - 3107.9 
forward 152.4 - - - 3108.0 

  
The natural frequencies for the natural modes of 

vibration 2, 3, 4 are due to the vibrations of the 
shaft. These values cannot be obtained using the 
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simplified model of the centrifuge with two degrees 
of freedom. 

The natural mode of vibration number 2, when 
the model with two degrees of freedom is used, is 
the natural mode of vibration number 5, when the 
shaft is considered to be a continuous medium and 
the method presented in this paper is applied. 
 

Figure 8. The first 5 natural modes of vibrations 
 

It is confirmed that the backward precession 
decreases the values of the natural frequencies and 
the forward precession increases the values of the 
natural frequencies. 

The influence of the gyroscopic moment upon the 
values of the natural frequencies is low for the 
higher order of the natural frequencies. 

The natural modes of vibration are shown in the 
figure 8. 
 
4. CONCLUSIONS 
 

The study of the vibrations of the centrifuge is 
more complete if the flexible shaft is considered a 
continuous medium, positioned on two bearing 
blocks, with a basket fixed on it and the transfer 
matrix method is applied. 

The method presented in this paper can be used 
for the study of the influence of the operational and 
constructive features upon the natural frequencies. 

The method presented in this paper offers the 
possibility of study the coupled vibrations (bending, 
axial, torsional) of the centrifuge. A complete study 
of the vibrations must take into account the coupling 
of the vibrations and must study the influence of the 
coupling upon the natural frequencies. 
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