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Abstract: - In this paper we discuss the problem of a rigid body having a point constrained to move 
without friction on a fixed given surface. Firstly, using Bryan’s angles, we deduce the kinematic relations 
between different parameters of motion and then obtained the matrix differential equation of motion in a 
multibody approach. A numerical application is also presented. 
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1. STATE OF THE PROBLEM 
 
 One considers the parallelepiped 

DCBAABCD  (Fig. 1) of dimensions aAD 2 , 
bAB 2 , cBB 2  and of mass m , with the 

vertex A  situated without friction on the 
cylindrical surface 

21 xZ . (1)
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Figure 1. State of the problem. 

 

 Knowing that the parallelepiped is acted 
only by its own weight mg , while the ZO0 -axis is 
vertical, with the initial conditions 0t , 0

O
XX O , 

0
O

YYO , 0
O

ZZO , 0 , 0 , 0 , O  
being the gravity center, , ,  are Bryan’s 
angles; let us determine: 
 – the trajectory of the point A ; 
 – the trajectory of the point O ; 
 – the reaction at A . 
 Numerical application for m 3.0a , 

m 2.0b , m 1.0c , m 1.00
OX , m 2.00

OY , 

m 74.00
OZ , kg 100m , rad 00 , rad 00 , 

rad 00 , srad 00 , srad 00 , 
srad 00 . 

 
2. KINEMATIC RELATIONS 
 
 One considers the frame of reference Oxyz  
rigidly linked to the parallelepiped, the axes Ox , 
Oy , Oz  being parallel to AD , AB , BB , 
respectively, and the frame of reference zyxO  with 
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the axes xO , yO , zO , parallel to the axes XO0 , 
YO0 , ZO0 . 

 If, from the position zyxO  one attains the 
position Oxyz , by successive rotations of angles , 

, , specified in the schema 

Oxyz
Oz

zyxO
yO

zyxO
xO

zyxO

 angle
 axis

 angle
 axis

 angle
 axis

, 

where , ,  are Bryan’s angles, then the partial 
rotation matrices are 

cossin0
sincos0
001

, 

cos0sin
010

sin0cos
, 

100
0cossin
0sincos

, 

(2)

while the matrix of the system Oxyz  with respect to 
the system XYZO0  is 

A . (3)
 Associating to the matrices , ,  the 
antisymmetric matrices 

010
100

000
U , 

001
000
100

U , 

000
001
010

U , 

(4)

one obtains the derivatives p , p , p  from 
the relations 

UUp , 
UUp , 
UUp ; 

(5)

thus, the partial derivatives A , A , A  of the 
matrix A  are 

AUA , UAA T , 
UAA , 

(6)

while the derivative with respect to time of the 
matrix A  is 

AAAA . (7)

 The square matrix  of the angular 
velocity with respect to the frame Oxyz  is 
antisymmetric and one deduces the relation 

0
0

0
T

xy

xz

yz

AA , (8)

wherefrom it results 
Q , (9)

where 
T

zyx , 
T

, (10)

10sin
0cossincos
0sincoscos

Q . (11)

 Moreover, one obtains 

00cos
00sinsin
00cossin

Q , 

000
0sincoscos
0cossincos

Q , 

(12)

QQQ . (13)
 
3. THE CONSTRAINTS MATRIX 
 
 In the frame of reference Oxyz , the point A  
has the coordinates a , b , c ; denoting by AX , 

AY , AZ  the coordinates of the same point in the 
frame XYZO0 , one obtains the matrix equation 

c
b

a

Z
Y
X

Z
Y
X

O

O

O

A

A

A

A  (14)

or 
AOA rARR , (15)

where 
T

AAAA ZYXR , 
T

OOOO ZYXR , TcbaAr .
  

(16)

 Writing the equation (1) in the general form 
0,, ZYXf , (17)

one must verify the relation 
0,, AAA ZYXf . (18)

 Differentiating with respect to time the 
equation (18), it results 



 

RJAV vol IX issue 2/2012                                            73                                                         ISSN 1584-7284 

0T

A

A

A

p

Z
Y
X

f , (19)

where 
T

Z
f

Y
f

X
f

pf . (20)

 Differentiating with respect to time the 
relation (15) and taking into account the successive 
relations 

rArArA T
AAA , (21)

where 

0
0

0

ab
ac
bc

Ar , (22)

one obtains 
QrARR T

AOA ; (23)
the equation (19), with the notations 

QrAIfB TT
Ap , (24)

T
OOO ZYXq , (25)

becomes 
0qB , (26)

where B  is the constraints matrix. 
 
4. THE MATRIX DIFFERENTIAL 
EQUATION OF THE MOTION 
 
 The kinetic energy T  of the rigid solid 
reads 

JRR TT

2
1

2
1

OOmT , (27)

where J  is the matrix of the moments of inertia 
with respect to the axes Ox , Oy , Oz  

zzzyzx

yzyyyx

xzxyxx

JJJ
JJJ
JJJ

J . (28)

 In the considered case 0yzxzxy JJJ  
and 

22

3
cbmJ xx , 22

3
camJ yy , 

22

3
bamJ zz . 

(29)

 Applying Lagrange’s equations and using 
the notations 

m
m

m

00
00
00

m , 
QJQ0

0m
M T , (30a)

T00000 mgF ,  (30b)

QJQ
QJQ

QJQ

TT

TT

TT

,  (30c)

QJQQJQF TT~ , 
TT~000~ FF , 

(30d)

one obtains the matrix differential equation 
T~ BFFqM . (31)

 The equation (31) together with the equation 
(26), differentiated with respect to time, form the 
equation 

qB
FFq

B
BM ~

0

T

, (32)

from which one obtains q , ; then, by the Runge–
Kutta method, one gets the new values for q  and 
q . 

 
5. NUMERICAL APPLICATION 
 
 With the initial values one calculates, 
successively, , , , A , A , A , A , 

Q , Q , Q , Q , Q  by the relations (2), (3) 
and then the coordinates AX , AY , AZ  by the 
relation (14) and 

T102 Ap Xf , (33)
as well as the matrix B  by the relation (24). 
 Hereafter, from (23) one obtains AX , AY , 

AZ ; one may thus calculate 
T002 Ap Xf  (34)

and 

QrAQrA0f

QrAIfB
TTT

TT

AAp

Ap  (35)

and then the matrices , F~ , F , by the relations 

(30), where 0Q . 
 Finally, from (32) one calculates q , ; 
then, by the Runge–Kutta method one determines 
the new values q , q , the iteration process being 
then taken again. 
 One obtains the diagrams in the following 
figure. 
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g) 
Figure 2. Variation diagrams. 

 
 For the reaction, it results 

T102 ApA XfN , (36)
hence 

14 2
AA XN . (37)

 The graphic is drawn in the following 
figure. 
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Figure 3. The diagram tNN AA . 

 
6. CONCLUSIONS 
 

The method presented here, based on the 
multibody theory leads in a simpler way to the 
differential equations of motion. These equations are 
obtained in a matrix form and they also help one to 

obtain the reactions. In addition, one observes that, 
in fact, the equations are algebraic differential ones 
and one have to solve them in the same time both 
algebraically and differentially. 
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