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Abstract: - This paper deals with methods of interpreting the results of vibration measurement to 
identify structural changes in beam-like structures. We briefly presented an own developed damage 
assessment method, that considers a large number of frequencies for the weak-axis banding vibration 
modes; it allows first a precise localization and afterwards evaluation of the damage depth. The first step, 
recognition of the damage position, essentially consists in comparing a histogram obtained from 
measurement results with a series of histograms, namely the damage location indexes for all possible 
locations along the beam, obtained by calculus. To find the probable damage position, we tested some 
dissimilarity estimators like Minkowski-form Distances, Histogram Intersection and Kullback-Leibler 
Divergence. In order to avoid uncertainties, a graphic representation of the two histograms, one obtained 
by measurement and one by calculus that represent the probable damage location, are also presented. The 
method providing best results bases on the Minkowski Distance; it was tested for randomly selected 
locations, with real measurement results and with results artificially debased by noise, proving its 
reliability. 
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1. INTRODUCTION 
 

Damage assessment of structures, especially 
based on global methods, present great interest for 
engineering practitioners. They quantify the integrity 
of a structure by examining changes in its dynamic 
response to excitations or the static behaviour under 
load. The most dynamic methods presented in 
literature [1,2] base on parameters such as the 
natural frequencies, mode shapes, mode shape 
curvature, flexibility matrix and stiffness matrix. 
The main idea of these methods is to find some 
damage indicators that are sensitive to structural 
changes and use these data either to compare the 

features of healthy state with the damaged one by 
means of recognition techniques [3-6], or to change 
features of the model to fit its response to that 
identified by measurement on the damaged structure 
[7-10]. The most vibration based methods require 
measuring responses at several locations on the 
structure, not always possible due to operational and 
technical constrains. However, these methods does 
not consider the physical phenomenon in deep, 
being just oriented to fitting features or cost 
reduction; consequently no scientific feedback 
regarding their reliability is possible. 

Prior researches developed by the authors of this 
paper lead to a mathematical relation expressing the 
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frequency changes due to damage in respect to 
damage position and severity. This finding was used 
to develop a two-step method to assess damages in 
beams, first being found the position and afterwards 
the severity of damage. This paper presents an 
analysis of some dissimilarity estimators involved in 
automatic damage localization, from which the 
Minkowski metrics was find the most appropriate. 
 
2. METHOD TO DETECT DAMAGE 
LOCATIONS  
 

In previous researches [11,12] we derived the 
exact solution for frequency changes due to damage 
in beam-like structures, for any transversal vibration 
mode and beam support type. It makes possible to 
express the frequency for mode i of the damaged 
beam with a crack of depth a placed at distance x  
from one end, denoted fi_D(x,a), considering the 
frequency of the undamaged beam fi_U in that mode 
and two terms controlling the depth and location of 
the damage. This relation is: 
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where (xBmax,a) is the term representing the stiffness 
reduction calculated on the location where the 
bending moment attends the maximum value (for the 
cantilever beam at the fixed end xBmax = 0) and ( )i x  
the normalized mode shape curvature, weighting the 
influence of stiffness reduction according to the 
damage position and mode shape. Obviously, this 
last squared term takes values between 0 and 1. 
From relation (1) one can derive the relative 
frequency shift as  
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For any location xj on the beam we can derive the 
values of the relative frequency shift for n bending 
vibration modes. Normalizing the values obtained 
with the right term, by dividing these one by one to 
the highest value of the series, we obtain the damage 
location coefficients DLC, as:     
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One observes that the DLC depends only on the 
mode shape curvature squares 2( ( ))i x , as the term 
(0,a) is independent of location x and thus 

eliminated by normalization. A series of DCL 
specific for a damage location are called damage 

location index DLI; it can be represented as a 
histogram, e.g. that presented in figure 1, and 
characterize uniquely the dimensionless damage 
position x/L on any cantilever.  
 

   
                       

   
Figure 1. Examples of resulting histograms for  damages 
in a cantilever beams placed at: x/L = 0.3;   x/L = 0.55;  
x/L = 0.67 and  x/L = 0.8 respectively. 

 

Imagine now that we obtain the relative 
frequency shift by processing data from 
measurements for n vibration modes. This series of n 
values determined with the left term of Eq. 2 can be 
normalized by dividing them to the maximum value 
of the series, obtaining: 
 

 1
1 , ... ,

max( ) max( )
n

n
i i

ff
f f

          (4) 

 

Comparing now the resulted series from relation 
(4) with each DLI from relation (3), the xj coordinate 
indicating the damage location is found. The 
approach is described in figure 2.  

 

 
Figure 2. Damage location algorithm  
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3. AUTOMATED RECOGNITION OF 
DAMAGE LOCATION 
 

A histogram ={ i} is a representation of non-
negative data i corresponding to n bins (i = 1…n). 
Numerous measures are proposed for the 
dissimilarity between two histograms ={ i} and 

={ i}. The bin-by-bin dissimilarity measures only 
compare contents of corresponding histogram bins, 
i.e. they compare i and i for all i, but not i and 

k for i  k. The dissimilarity between the two 
histograms is a combination of all the pair-wise 
comparisons [15]. Some available estimators are 
presented in table 1. 
 
Table 1. Dissimilarity estimators 

Minkowski-
Form Distance 
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First we tested a metrics similar to the bin-by-bin 

approach involving the Minkowski distances r = 2,  
r = 3 and r = 4, where the bins are represented by 
vibration modes and the content represents the 
normalized relative frequency shift and damage 
location index respectively. Additionally, due to the 
possibility that the frequencies of some modes 
cannot be read accurately, we introduced a 
weighting factor wi. Thus, the estimator becomes: 
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The simulation was performed for all weighting 

factors wi=1, for a damage location situated at 
xj/L=0.4. From the chart presented in figure 3 it can 
be remarked that this estimator, whatever the rage of 
r is, correctly indicates the damage position. The 
lowest value of the Minkowski distance is obtained 
by using r = 4.  

Afterwards, we tested the other two dissimilarity 
estimators, obtaining the charts presented in figures 
4 and 5. One observes that for the cantilever beam, 
the Histogram Intersection as well as the Kullback-
Leibler Divergence indicate the damage position, but 
predict false damage locations around the fixed end 
and introduce confusion in some other locations. 
Concluding, from these estimators the Minkowski 
distance seems to be the most reliable. 
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Figure 3. Dissimilarity chart for Minkowski distances 
r=2, r=3 and r=4 
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Figure 4. Dissimilarity chart for the Histogram 
intersection 
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Figure 5. Dissimilarity chart for the Kullback-Leibler 
Divergence 

 
Aiming to prove the robustness of the method 

based on the Minkowski distance, the measurement 
results have been altered artificially by considering 
three cases of contaminated measurements. As we 
can see in Table 2, in the first case only 2 
frequencies are affected by noise (case N1), in the 
second and third cases all frequencies are affected 
differently by noise. The second case (N2) is 
affected by errors in the positive and negative 
domain as well, while in the third case (N3) only 
negative errors occur.  

 
Table 2. Errors affecting the measured frequencies 

Mode i Err fi_D (N1) Err fi_D (N2) Err fi_D (N3) 
1 9.51% -9.53% -1.93% 
2 0 3.34% -6.9% 
3 7.27% -1.37% -3.1% 
4 0 5.82% -4.55% 
5 0 2.35% -7.07% 
6 0 -6.16% -2.55% 
7 0 5.95% -5.97% 
8 0 1.17% -3.2% 
9 0 9.64% -0.8% 
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The relative frequency shifts of all measured data 
for the four analysed cases are calculated with 
relation (2); in order to find the DLI best fitting to 
the relative frequency shifts obtained from 
measurement the dL2 is applied. 
 

 
Figure 6. The Minkowski distance for all four analysed 
cases  
 

One observes the good results obtained using this 
method, even for strongly altered measurement 
results, qualifying the method as reliable and 
applicable in industrial applications. 
 
4. CONCLUSION  
 

This paper proposes a method to assess damages 
in beams, based on the changes occurring in the 
natural frequencies due to damages. It consists in 
comparing the measured relative frequency shifts 
with calculated damage location indicators; this can 
be done using more dissimilarity estimators. The 
researcher revealed that the Minkowski distance is 
stable and permit accurate assessment of damages 
even for some errors affect the measurement results, 
while the Histogram Intersection and the Kullback-
Leibler Divergence provide ambiguous predictions 
even in case of for accurate measurements.  
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