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Abstract: - This paper studies the homogenization of controlled waves problem over a three-
dimensional cross linked structure reinforced that depends on two small parameters - the 
period and - the small thickness of the material. Neumann condition heterogeneity lead by 
passing to the limit as  and , to a limit problem of controlled waves with a foreign term. 
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1. INTRODUCTION 

 
Exact controllability problems on perforated 

domains were studied in [3] and in [4] - which was a 
alveolar gridworks (honeycomb) with the cell period 
only distributed along the vertical axis 3ox . In both 
cases, Neumann condition on the inner boundary of 
the structure is homogeneous. 
 

Our work also choose a controlled waves 
problem, or exact internal controllability, but a 
different structure: reinforced gridworks. It should 
be noted that the final result depends on the 
periodicity cell geometry and the material constants 
(material elements). In our problem the Neumann 
condition on the boundary bars that make up the 
structure is inhomogeneous. In [2] we study 
homogenization of elliptic problems with non-
homogeneous Neumann condition on the boundary 
of holes of perforated domain. Our problem is 
hyperbolic, and novelty introduced here consists in 
defining a distribution, similar to that in [2], in 
which the time t appears as a variable. It also strong 
convergence appears in distributions and it is 
interesting that an integral with respect to time and 
one of surface, by passing to the limit, it becomes an 
integral with respect to time and another one with 
respect to the three-dimensional variable x on whole 
field .  

Once this deadlock was broken, for the initial 
homogenization problem - after two small 
parameters  and , that depends on – (by 
homogenization understanding the transition from a 
problem on a field with holes to a boundary problem 
on a fixed domain: the entire domain where the 
unknown is the limit of the unknown from the 

original problem), we apply the same methods – the 
variational method of Tartar, the dilation method, 
the method HUM - as in [4].  The final result is a 
homogenization problem of controlled wave - limit 
problem of initial problem, except that appears 
foreign term, due to inhomogeneous Neumann 
condition. 
 
2. THE GEOMETRY OF THE DOMAIN 
 

We consider the gridworks  from Figure 1, 
in wich the material is distributed along the thin 
bars. 
 

 

Figure 1. The gridworks . 
 

This reticuleted structure is characterized by two 
small parameters tied to the periodicity and 
thickness of the material.  
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To build such a structure we consider an open 
domain bordered in 3 , with the form 

 

1 1 2 2 3 3, , ,l l l l l l  
 

and be the cube 
 

1 1 1 1 1 1, , ,
2 2 2 2 2 2

Y  

 
and the part occupied of material is defined by 
 

3

1

,
2j

i

Y y Y y j i  

 unde 1,2,3j . 
 

The domain Y  is called the periodicity cell and 
consists of bars arranged along the axes 1ox , 2ox   i 

3ox , as represented in Figure 2: 
 

Figure 2. The periodicity cell Y . 
 

The periodicity cell Y  is distributed in  with 
the period  along the three directions obtaining the 
perforated domain Y  with property 

Y . To note that reticuleted structure 
reinforced  consists of thin bars of thickness 

. We introduce the notation 
 

\T Y Y  
for the hole from the cube Y, and the translatat of  

T  from  we noted by 
 

T T . 

 
So, we can note \ T . 

 
3. PROBLEM FORMULATION 
 

We consider the next wave problem on structure 
 with inhomogeneous condition on the 

boundary holes T : 
 

2

2

0 1

   in   0,

.    on   0,        (1)

                    0   on   0,

(0)  and  (0)   in    

ij
i j

ij i
j

u ua v T
t x x

ua n g u T T
x

u T

u u u u
 

Where the data of problem satisfy the next 
conditions: 
a) v v  weak in 2 0,L T - v  is the 

extension to zero of v  on the rest of the domain of 
. 

b) 
, 1,3ij i j

A a  constant symmetric and elliptical 

matrix, i.e.  there is a strictly positive constant M 
such as  ij i j i ia M , 3 . 
c)  0  a positive constant independent  by   
and  such as 
 

1 2

0 2 1 2

( ) ( )
 and   

H L
u c u c . 

 
d) 0 0u u   weak in 1

0H  and 
1 1 u u  weak in 2L . 

e) 2g L T , g  is periodically in Y,  

( ) 0T gM  with  ( )T gM , 

xg x g , and  is a strictly positive 

constant. 
 
 The problem (1) is equivalent to the 
following variational problem. To find 

2 10, ;u L T H  

 such as : 
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2

2
0 0

0 0

.

( ) ,

T T

ij
j i

T T

T

u udxdt a dxdt
t x x

v dxdt g u d x dt
   (2) 

 
2 10, ;L T H . 

 
Observation. 

1( ) ( )
 T

T

g g y d y
meas T

M . 

 
4. ESTIMATES AND CONVERGENCES  
 

Using elliptical property, the Poincare inequality 
and the conditions a) – e) we find the next estimates:  

 

2 1 2 2

1

0, ; 0, ; ( )
  and  

L T H L T L
u c u c , 

 
where c  is a strictly positive constant, independent  
by   but depends on . 
 

According to [3] obtain the existence of an 
extension operator 
 

2 1 2 1
00, ; ; 0, ;P L T H L T HL   

 
with property 
 

0P u u   weak in 2 1
00, ;L T H  

      
  (3) 

0P u u  weak  in 2 20, ;L T L . 

 
Similar to with article [2] we define the 

following distribution: 
 

1 1
0

0 0,

2 1
0

, ( ) ,

0, ; .                                   (4)

T T

g
TH H

dt g d x dt

L T H

 

 
We found the following convergences: 

 

1 1
0

0
0 ,

,
T

g

H H

dt  

0
0

 ( ) ,
 

T

T
meas T g t x dtdx
meas Y

M  

 
and if we consider the first equation of relation (3), 
we get 
 

1 1
0

0
0 ,

0
0

,

 ( ) .
 

T

g

H H

T

T

P u dt

meas T g u dtdx
meas Y

M

  (5) 

 
 
5. HOMOGENIZATION AFTER 0  
 

Using the definition (4) the problem (2) is 
rewritten as: 

 
2

2
0

T P u
dxdt

t
 

0

.
T

ij
j i

P u
a dxdt

x x
 

 

1 1
0

0 0 ,

,
T T

g

H H

v dxdt P u dt , 

2 1
00, ;L T H .             (6) 

 
Pass to the limit after 0  in (6) using a), (3), 

(5) and the relation 
 

meas Y
meas Y

 weak in 2L , 

 
so we fiind: 
 

0 0

 .
 

T T

ij
j i

meas Y uu dxdt q dxdt
meas Y x x

 

 

0 0

 ( )
 

T T

T
meas Tv dxdt g u dxdt
meas Y

M  

2 1
00, ;L T H , 

 
and integrating again by parts, using the technique of 
chapter 4, section 4.1.1 from [4], we obtain the 
homogenized problem: 
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2

0

1

 
 

 ( )   in 0, ,
 

0  on  0, ,                        

0  in  ,   
 

0  in  ,
 

ij
i j

T

meas Y uu q v
meas Y x x

meas T g u T
meas Y

u T

uu
meas Y

uu
meas Y

M

   (7)  

 
where  
 

1 ,  , 1,3
 

j j
ij ik

kY

y y
q a dy i j

meas Y y
 

 
and the functions j  are solutions of  
 

0  in  

0  on  

 periodically,  ( ) 0,   1,3.

y j j

y j j

j Y j

div A y y Y

A y y n T

Y jM

 

 
 
6. HOMOGENIZATION AFTER 0  
 

The homogenization procedure is analogous to 
that used in section 4.1.2, chapter 4 from [4]. Obtain 
the convergences: 
 

2 0 0u u   weak in 1
0H ,   

2 1 1u u   weak in 2L , 

u u  weak  in 2 1
00, ;L T H , 

u u  weak  in 2 20, ;L T L , 

 
as well as the convergence meter 
 

2v v   weak in 2 0,L T . 

 

Using this weak convergences and the relation 
from [1]: 2 *

ij ijq q , pass to the limit after 
0  and we obtain the homogenized problem  

 

2

6 1 ,   ( ) ,  

               Y 3 2

Tmeas T g

meas

M
 

 
2

*
2

0

1

3 6    in  0,

0  on  0, ,  0   
3

and  0  in  
3

ii
i

uu q v u T
x

uu T u

uu

    (8) 

where:  
1

* *

, ,

1 ,   ,   0,  ii ij ij iji j i j
ii

q A a q i j
A

. 

 
                 

7. CONCLUSIONS 
 

The matrix 
,ij i j

q  is positive definite and 

diagonal. The homogenized equation from (8) it is a 
controlled wave equation by the internal exact 
control v, which represents the limit (after  and  
when tends to zero) of the internal exact control v  
of the initial problem (1). The difference between 
the wave equation from (1) and the wave equation 
from the limit problem (8) is that in the last 
appeares a foreign term. It would not exist if we had 
the condition  ( ) 0T gM . 
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