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Abstract: - This paper studies the homogenization of controlled waves problem over a three-
dimensional cross linked structure reinforced that depends on two small parameters ¢ - the
period and O - the small thickness of the material. Neumann condition heterogeneity lead by

passing to the limit as & and O, to a limit problem of controlled waves with a foreign term.
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1. INTRODUCTION

Exact controllability problems on perforated
domains were studied in [3] and in [4] - which was a
alveolar gridworks (honeycomb) with the cell period

only distributed along the vertical axis ox;. In both

cases, Neumann condition on the inner boundary of
the structure is homogeneous.

Our work also choose a controlled waves
problem, or exact internal controllability, but a
different structure: reinforced gridworks. It should
be noted that the final result depends on the
periodicity cell geometry and the material constants
(material elements). In our problem the Neumann
condition on the boundary bars that make up the
structure is inhomogeneous. In [2] we study
homogenization of elliptic problems with non-
homogeneous Neumann condition on the boundary
of holes of perforated domain. Our problem is
hyperbolic, and novelty introduced here consists in
defining a distribution, similar to that in [2], in
which the time ¢ appears as a variable. It also strong
convergence appears in distributions and it is
interesting that an integral with respect to time and
one of surface, by passing to the limit, it becomes an
integral with respect to time and another one with
respect to the three-dimensional variable x on whole
field Q.

Once this deadlock was broken, for the initial
homogenization problem - after two small
parameters & and O, that depends on — (by
homogenization understanding the transition from a
problem on a field with holes to a boundary problem
on a fixed domain: the entire domain where the
unknown is the limit of the unknown from the

original problem), we apply the same methods — the
variational method of Tartar, the dilation method,
the method HUM - as in [4]. The final result is a
homogenization problem of controlled wave - limit
problem of initial problem, except that appears
foreign term, due to inhomogeneous Neumann
condition.

2. THE GEOMETRY OF THE DOMAIN

We consider the gridworks € ; from Figure I,

in wich the material is distributed along the thin
bars.

Figure 1. The gridworks €2 ;.

This reticuleted structure is characterized by two
small parameters tied to the periodicity and
thickness of the material.
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To build such a structure we consider an open
domain bordered in R?, with the form

Q= (1.1, )% (b1, )< (~1,,1,)

and be the cube

L1 (11 (11
Y= -== x| == |x| ==
SRS

and the part occupied of material is defined by

Y ZO{er
i=1

unde j=1,2,3.

‘yj‘<§,‘v’j¢z}

The domain Y; is called the periodicity cell and
consists of bars arranged along the axes ox,, ox, si

0x;, as represented in Figure 2:

Figure 2. The periodicity cell Y.

The periodicity cell Y; is distributed in € with

the period ¢ along the three directions obtaining the
perforated domain € ; =QmM¢gY; with property

0QNeY; #. To note that reticuleted structure
reinforced Q&; consists of thin bars of thickness

&0 . We introduce the notation

T, =Y\Y;
for the hole from the cube Y, and the translatat of
eT; from Q we noted by

T,=QneT;.

So, we can note Q_; = Q\E .

3. PROBLEM FORMULATION

We consider the next wave problem on structure
Q,; with inhomogeneous condition on the

boundary holes 7 :

O’u,; 0 { 8u5} .

Pus 0f, %)y i (01)e0,
o ox | 7 ox,

a; ab)t:‘s n,=aegu,; on (0,T)xoTs (1)

J

u,; =0 on (0,7)x0Q

u (0)=u’; and u/;(0)=ul, in Q

Where the data of problem satisfy the next
conditions:

a) ¥,,——>v; weak in L’ ((O,T)XQ) - vV is the

extension to zero of v_; on the rest of the domain of

Q.

b) 4= (aff )i,j:l,3

matrix, i.e. there is a strictly positive constant M
3

suchas @,§& >2MES, VEeR".

¢) 3 a >0 apositive constant independent by &
and O such as

constant symmetric and elliptical

uls . <co” and |ul; @) <o’ .
d) i, —u, weak in  H,(Q) and
U, —uy weak in L’ (Q).
e) g,e€L’(dT;), g, is periodically in Y,
‘%é{ré.(g(s)io with %I;y(gb‘):é‘:

X . . -
8.5 (x)zg(s (—j, and «a 1is a strictly positive
£
constant.

The problem (1) is equivalent to the
following variational problem. To find

us e (0,T:H'(Q,))

such as :
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[ s |  a, 2 2 - 1 Ol )] [
00 0Q

s or " ox; o, 2% meas Y

r : @)
= I I v, s@dxdt + aeJ. J. pg u do® (x)dt, and if we consider the first equation of relation (3),

0Q, 0 07,5 we get

2 s T
0 H(Q),H)(Q
Observation. o7 (20 )r (5)
_meas 0Ty
My (85)=———F— _[ g& dO'(y) o0 s ¥ My, (ga)jju5¢dtdx-
8T5 0Ty 0Q

4. ESTIMATES AND CONVERGENCES 5. HOMOGENIZATION AFTER & — 0

Using elliptical property, the Poincare inequality

and the conditions a) — e) we find the next estimates: Using the definition (4) the problem (2) is

rewritten as:

U e 5

T o (P*u
Jj ZQ;J %(pdxdt +
0Q

8(P65ug5) a—(pdxdtz
ox, “Ox,

1

<
(0,131 (25)) 2o @) Cs>

where ¢, is a strictly positive constant, independent
T

by & but depends on O . I J' J' a,
00

According to [3] obtain the existence of an
extension operator

J gg(pdxdt+a<,ug J-P‘”‘S g§¢dt> :
Q

O"—:’\!

P? e g(ﬁ (0.7;:H'(9,,)): 22 (0.T: H, (Q))) (@) @)
Voel (O,T;HO(Q)). (6)
with property
. . Pass to the limit after € — 0 in (6) using a), (3),
P 5”55 — 50> Us weakin r (0= T;H, (Q)) (5) and the relation
3) meas Y cin 2(0
P‘S“Suéd ———u; weak in I’ (0, T (Q)) ) o meas Y ek ( )’
so we fiind:

Similar to with article [2] we define the
following distribution:

S —

meas Y; tc s 0u s Op
[ =2 ulpdxdt+ | [ q) > —=dxdt =
5 meas Y 0n | Ox; O

0

T T
H™Y(Q),Hy(Q) 0 0L

meas 8T (¢ ).TJ.“ oddt
8T5 5 5
meas Y " o

Vpel’(0.T:Hy (Q)),

O"—:’\]

Ve (0,T:H)(Q)). @ =][vspdxdt+a

We found the following convergences:

T and integrating again by parts, using the technique of
,U;_ 5 _[ @dt —=0 chapter 4, section 4.1.1 from [4], we obtain the
0 H(Q),H)(Q) homogenized problem:
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2
meas Yy ., 5 Oug

; =V +
o
? Ox,0x;

meas Y

aw%n (g;)u; in (0,T)xQ,

meas Y

us =0 on (0,7)x0Q, (7)

5 _ 1 a(y.i_lj(y))d i-13
;[aik ayk Y, 1, ] 5

and the functions y; are solutions of

_diV(Av_v (y_j—)(_/.(y»):() in ¥;
AVy(yj—;(j(y))-n=0 on 0T}

X, —Y periodically, .7, (x;)=0, j=13.

6. HOMOGENIZATION AFTER 6 — 0

The homogenization procedure is analogous to
that used in section 4.1.2, chapter 4 from [4]. Obtain
the convergences:

5_2u§ — > u" weakin Hé (Q) ,
S7uy ——>u' weakin I’ (Q),

uy —u weak in L*(0,7; Hy (Q)),

u, ——>u' weak in I’ (O,T;L2 (Q)),

as well as the convergence meter

57 v; ——v weakin I’ ((O,T)XQ).

Using this weak convergences and the relation
from [1]: & 72q5 — q;. , pass to the limit after

0 — 0 and we obtain the homogenized problem

(meas oT,; =65(5+1), My (g5)=0,
meas Y; =5 (3—25))

2

3u" - ;a—Z:v+6au in (0,7)xQ
OX;
0
u=0 on OQX(O,T), u(O):u? (8)

1

and u’(O):% in Q

where:

7. CONCLUSIONS

The matrix (qij)” is positive definite and
L)

diagonal. The homogenized equation from (8) it is a
controlled wave equation by the internal exact
control v, which represents the limit (after & and &
when tends to zero) of the internal exact control v

of the initial problem (1). The difference between
the wave equation from (1) and the wave equation
from the limit problem (8) is that in the Ilast
appeares a foreign term. It would not exist if we had

the condition ./Z; (g5)=0.
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