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Abstract: - The paper presents a study of dynamic real machine consists of an engine and body work, 
using a dynamic equivalent scheme to a system of two discs linked to each other by an elastic element. Is 
performed an analysis of the transient regime applying a constant torque on the disc of the motor 
influence also a constant braking torque on the motor drive and if the braking torque is applied to the 
body of work. It is shows the plan phase variation according to the relative motion law of the dynamic 
stiffness coefficient based on the ratio mechanical moment of inertia of the motor drive and the working 
body. Applying Lagrange's equations of second kind is analytically determined and represents their 
pulsations eigenvalues variation, the maximum angular deformation variation and maximum torque to the 
transitional regime under the action of constant torque and constant torque braking system. It is 
graphically shows the influence of the ratio mechanical moments of inertia according to chosen dynamic 
parameters. 
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1. COMPUTATIONAL MODEL 
 

For the dynamic study of a real car engine - 
working body is adopted dynamic calculation 
scheme resulting from the reduction of a system 
with two disks linked together by a flexible element. 
The reduction is carried out in relation to the rotation 
axis of the drive motor when its rotor is the 
mechanical moment of inertia of the disk 1 with 1J , 
and other elements in rotation, such as the body 
work, the motion transmission mechanism is 
modeled by the mechanical moment of inertia 2J . 
The elastic link between discs 1J  and 2J , has the 
torsional rigidity coefficient k. The thus obtained is 
schematization of model calculation with two 
degrees of freedom (see Figure 1) with angular 
coordinate 1  and 2 .. 

 

 
Figure 1. Dynamic computing scheme (model) 
 

The dynamic study aims to determine the 
maximum deformation of the elastic link between 
the engine and transmission system drive of the 
movement to the body of work, as well as the 

maximum torsional moment of the elastic element 
for transient regime. 

In transitory regime, considering two distinct 
cases, namely when the machine is under load or 
without load. 

On an experimental basis has been established 
that if the period of torsional own oscillation system 
modeled as in Figure 1 is less than the period of 
variation of engine or braking force, then these 
forces can be considered constant. If this condition is 
not met, then it will take account of the variation law 
of loads acting on the modeled mechanical system.  
 
2. THE TRANSIENT REGIMES ANALYSIS 
WITHOUT DAMPING 
 

Transitional regimes are characterized by two 
functional types [1], namely: 

a) the brooding period, by increasing the 
angular velocity from zero (stopped) to the 
nominal value when the disc 1J  acts the M 
torque; 

b) during braking, when the angular velocity 
decreases from the nominal value tending to 
zero, and on the 1J  or 2J  disc is applied  

fM  braking torque.  
 
2.1. The transitional regime under the action 
of constant moment 
 

We consider an equivalent model of the system 
with two degrees of freedom subjected to dynamic 
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loads when the torsional vibration of the 1J  motor 
disc, when is applied M torque, in the sense of 
angular coordinate 1 . (Figure 2) 
 

 
Figure 2. Equivalent model for the application of M 
constant moment to the engine 
 

The kinetic energy of the system is: 
2 2

1 1 2 2
1 1
2 2

E J J   (1) 

and the potential deformation energy of the elastic 
torsion element is of the form: 

2
1 2

1
2

V k   (2) 

Generalized forces corresponding to the 
generalized coordinates 1  and 2  are: 

1
1

1 1

2 0

F

F

MLQ M

Q
 (3) 

Introducing (1), (2) and (3) relationships in the 
Lagrange equations of second kind written in the 
form  

F
j

j j j

d E E V Q
dt

, pentru 1,2j . (4) 

from which it follows the differential equations of 
motion thus: 

1 1 1 2

2 2 1 2 0

J k M

J k
  (5) 

The system (5) can be written as: 

1 1 2
1 1

2 1 2
2

0

k M
J J
k
J

  (6) 

By introducing angle of relative rotation 
1 2 , in which case member by member 

subtraction of the (6) equations is obtained:  

1 2 1

1 1 Mk
J J J

 

1 2

1 2 1

J J Mk
J J J

  (7) 

where its own torsion pulsation notes 2p  as follows: 
2 1 2

1 2

J Jp k
J J

   (8) 

in which case the differential equation (7) becomes:  
2

1

Mp
J

    (9) 

The general solution of the differential equation 
(9) is of the form: 

1 2 2
1

cos sin MC pt C pt
p J

  (10) 

From the initial conditions at baseline relative 
rotation as the initial velocity is zero, so we have: 

0 0 0  
which result in the integration constants as: 

1 12 2
1 1

0 0 M MC C
p J p J

 

1 2 20 0 sin 0 cos0 0pC pC C  
Thus, the law of relative motion in this case is: 

2 2
1 1

cosM Mpt
p J p J

 

and finally, we have: 

2
1

1 cosM pt
p J

  (11) 

The maximum value of  is obtained for: 

2
1

sin 0 (2 1)d M p pt pt n
dt p J

,  

where 0,1,n  
Thus we have: 

2
max 2

1 1 2

22 MJM
p J k J J

  (12) 

And the maximum torque is: 
2

max max
1 2

2MJM k
J J

   (13) 

It is noted that if the mechanical moment of 
inertia of the engine rotor is much smaller than the 
moment of inertia 2J  of the whole reduced 
transmission system of the movement along the 
working body, that is 1 2J J , then the elastic 
torsion link element may have an a torque greater 
than twice the engine torque, so we have: 

max 2M M  
To observe the torsional rigidity                    

coefficient influence of the phase plane in Figure 3 
is [2,3] below , for 2

1 0,5J Kg m , 
2

2 2,5J Kg m  and 46,25 10i ik n Nm rad , 
where 1 1

4 2, ,1,2,4 ; 1...5in i  is a multiplication 
factor. 
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Figure 3. Phase plane for  depending on ik  
 
 To highlight the required dynamic parameters 
of the engine, depending on the size of the body 
work is considered the ratio mechanical moments of 
inertia  of the two discs 1J  and 2J , thus 

1

2

J
J

        (14) 

 By using equation (8), is obtained the 
variation of torque pulsation eigenvalues depending 
on ratio mechanical moment of inertia: 

1

1kp
J

  (15) 

 In the same manner, using the equation (11) is 
obtained the law of relative motion depending on the 
ratio mechanical moments of inertia: 

1 cos
1
M pt

k
 (16) 

and  

sin
1

d M p pt
dt k

  (17) 

 From the equations (16) and (17), it is 
considered values 36,25 10k Nm rad , 

2
1 0,5J Kg m  and the ratio mechanical moments 

of inertia 1 1 1 1
16 8 4 2, , , ,1i , (chosen such that 

2 1J J  ) obtain the phase plane  depending on 

i , shown in Figure 4. 
The variation of the pulsation eigenvalues 

may be obtained, considering 0,01...1 and in  
multiplication factor, previously presented. For the 
moment of inertia of disc 1 is considered 

2
1 0,5J Kg m  and the torsional rigidity coefficient 

46,25 10k k Nm rad  of the elastic element 
link between discs 1 and 2. 
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Figure 4. Phase plane for  depending on i  
 
 In relation to the multiplication factor 
considered, is represents the pulsation eigenvalues 
variation depending on ratio moment of inertia 

, ip k  in Figure 5 and ( )
1, ip J  in Figure 6, 

where i ik k n  and ( )
1 1

i
iJ J n . 
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Figure 5. Pulsation eigenvalues variation , ip k  
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Figure 6. Pulsation eigenvalues variation ( )

1, ip J  
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 By replacing equation (14) into (12) and (13) 
we obtain the maximum elastic deformation 
depending on ratio of the moments of inertia: 

max
2 1

1
M
k

  (18) 

and the maximum torque 

max
12

1
M M   (19) 

 According to the previously considered in  
multiplication factor for the engine torque 

300M Nm , in Figures 7 and 8 represents the 
variation of maximum angular deformation 

max , ik  and the maximum torque max , iM M , 
where i ik k n  and i iM M n . 
 

max
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Figure 7. The variation of maximum angular  
deformation max , ik  
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Figure 8. The variation of maximum                            
torque max , iM M  
 
2.2. Braking system with constant torque 
 

The braking torque is considered constant, can be 
applied to the disc 1J  or on the disc 2J . Braking 
process can be initiated when the system operates 
under steady and the engine is decoupled.  

In this situation, will be considered two distinct 
cases for the application of braking torque. 
 
 a) Case I: The braking torque is applied to the 
disc 1J , in which case the dynamic model is given 
by Figure 9.  
 

 
Figure 9. Equivalent model for the application of braking 
torque to the disc J1. (to the engine) 

 
 The differential equation relative rotation is 
similar to equation (9), but in its right member 
instead of torque M, is introduced braking torque 

1fM  follows: 

12

1

fM
p

J
  (20) 

with the general solution of the form: 
1

1 2 2
1

cos sin fI M
C pt C pt

p J
 (21) 

 The initial conditions 0 0 0I I , 
requires integration constants as: 

1 1
1 12 2

1 1

0 0f fI M M
C C

p J p J
 

1 2 20 sin 0 cos0 0 0I C p C p C  
 
 After replacing the integration constants, we 
obtain: 

1 1 1
2 2 2

1 1 1

cos cos 1f f fI M M M
pt pt

p J p J p J
 

with 1
2

1

sin 0
I

fMd p pt
dt p J

 

1 2 1( )
max 2

1 1 2

2f fI M J M
p J J J k

  (22) 

 The highest value may be achieved when 
1 2J J , mean we have:  

1
max

2 fM
k

 

 The maximum torque is: 
( ) 2
max 1

1 2

2I
f

JM M
J J

  (23) 

1J2J  

2  1  

k 
1fM
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Figure 10. Phase plane for I I  depending on i  
 
 Whether take into account the ratio 
mechanical moments of inertia  from equation 
(14) and replace in the (22) and (23) gives the 
maximum elastic deformation depending on the ratio 
mechanical moments of inertia: 

1( )
max

2 1
1

fI M
k

  (24) 

and the maximum torque 
( )
max 1

12
1

I
fM M   (25) 

 Depending on the multiplication factor in  
and numerical values considered in the previous 
chapter, the braking torque 1 200fM Nm , is 

obtained phase plane for I I  depending on 
1 1 1 1

16 8 4 2, , , ,1i , shown in Figure 10. Then,   
Figures 11 and 12 represent the variation of 
maximum angular deformation ( )

max ,I
ik  and the 

maximum torque ( )
max 1,,I

f iM M , where i ik k n  

and 1, 1f i f iM M n . 
 

( )
max

I
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Figure 11. The variation of maximum angular 
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Figure 12. The variation of maximum                            
torque ( )

max 1,,I
f iM M  

 

 b) Case II: The braking torque is applied to 
the disc 2J , in which case the dynamic model is 
given by Figure 13.  
 

 
Figure 13. Equivalent model for the application of 
braking torque to the disc J2 (to the working body) 

 

 Differential equations of motion are similar to 
equation (5) and take into account the braking torque 

2fM  and we obtain: 

1 1 1 2

2 2 1 2 2

0

f

J k

J k M
  (26) 

and by subtracting the second equation from the first 
and introducing relative rotation  we obtain: 

22

2

fM
p

J
   (27) 

which to the initial conditions 0 0 0 , 
leads to relative motion law in the form: 

2 2 2
2 2 2

2 2 2

cos cos 1f f fII M M M
pt pt

p J p J p J
  (28) 

from which is obtained 2
2

2

sin 0
II

fMd p pt
dt p J

 

2 1 2( )
max 2

2 1 2

2f fII M J M
p J J J k

  (29) 

and 
( ) ( ) 1
max max 2

1 2

2II II
f

JM k M
J J

  (30) 

1J
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2  1  
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2fM  



 

RJAV vol X issue 2/2013                                           134                                                         ISSN 1584-7284 

II

 

0 0.2 0.4 0.6 0.8 1 1.2

x 10
-3

-0.25

-0.2

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

 

 

1=1/16

2=1/8

3=1/4

4=1/2

5=1

 II  
Figure 14. Phase plane for ( )II II  depending on i  
 
 In a similar way, if one takes into account the 
ratio mechanical moments of inertia  from 
equation (14) and replace in the (29) and (30) 
equation, we obtain the maximum elastic 
deformation depending on the ratio mechanical 
moments of inertia:  

2( )
max

2
1

fII M
k

  (31) 

and the maximum torque 
( )
max 22

1
II

fM M   (32) 

 According to the multiplication factor in  and 
numerical values considered in the previous chapter, 
the braking torque 2 200fM Nm , is obtained 

phase plane for ( )II II  depending on i , shown 
in Figure 14. Then, Figures 15 and 16 represent the 
variation of maximum angular deformation 

( )
max ,II

ik  and the maximum torque 
( )
max 2,,II

f iM M , where i ik k n  and 

2, 12f i f iM M n . 
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max
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Figure 16. The variation of maximum                       
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3. CONCLUSIONS 
 

A result of this study, we implement a equivalent 
computational model by which can easily reach to 
determine pulsation eigenvalues, phase plane 
variation and the variation of the maximum angular 
deformation of the elastic link. 

Following the summary analysis of the obtained 
results it is noted the following conclusions: 
 the maximum angular deformation and the 

maximum torque decreases with ratio 
mechanical moments of inertia  is increasing 
(see Fig. 7 and 8) and have a minimum value for 

1 ( 1 2J J ); 
 in the case of application of the frictional torque 

to the engine, the maximum deformation angle 
and the maximum torque decreases with ratio 
moments of inertia  is increasing (see Fig. 11 
and 12) for minimum values when 1; 

 in the case of application of the frictional torque 
to the body work, the maximum deformation 
angle and the maximum torque increased with 
the ratio moments of inertia (see Fig. 15 and 16).  

Therefore, it is recommended that braking does 
not apply to the engine, because it would be more 
efficient and should be do the body work. 
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