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Abstract:

In this paper we consider a non-linear single degree of freedom system with dry friction

consisting in a mass that oscillates between two fixed barriers. Our study is a numerical one and we
determine the influences of different parameters of the system upon its motion.
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1. INTRODUCTION

The nonlinear oscillations are a nowadays
priority in the mechanical systems. The authors
mainly avoid the systems with dry fiction because
the high nonlinearities of the equations of motion.
This nonlinearities come from the expression of the
friction force at it has two main mathematical
expressions. The first is linked to the apparition of
the signature function, while the second one is
linked to the Heaviside step function. These two
functions are continuous on intervals, but they are
not continuous for the entire real axis.

Moreover, the systems with dry friction may lead
to periods without motion. This situation appears if
the active force is less than the dry friction force. In
this way, the system may have periods of motion
and periods of rest. It may exist situations when the
system does not move at all.

The collisions introduce discontinuities in
velocities, which lead to complicate numerical
programs. In addition we may state that the zero
distance between two bodies does not imply a
collision. One have to study the signs of velocities to
consider or not the apparition of a collision. Usually,
the collision is a frictionless one and it take place at
one point.

2. THE MODEL

The system is captured in Fig. 1. It consists in the
mass 7, the nonlinear spring of parameters &, and
k. The point
described by

A has a harmonic oscillation

X
o
T
A
2b

Figure 1. Mechanical model.

Xy =a cos(cot), )
where by ! we denote the time.

The elastic force in the spring is considered to be
given by

F, =kz+ k23,

where z marks the elongation of the spring.

We consider that between the mass m and the
horizontal plan there exists dry friction, the
coefficient of friction being pu. We may write the

2

friction force in the form

F, :—umgﬁ,)'csto (3)
X|
where x is the velocity of the mass m .
If X = 0, then the friction force is given by
Fy = nmg “

and it has opposite direction to the tendency of
motion for the mass m .

The barriers are situated at equal distances b
relative to the zero elongation position of the spring.
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The
x(0)=0.

Proceeding as in [9] the equation of motion
for the system without barriers reads

mi = [~ F, - umg sgn()}0(F| - mg)  (5)
where sgn marks the function signature,

initial conditions are  x(0) =

-1ifz <0,
sgn(z)={ 0if z = 0, (6)
lifz > 0,
while @(z) is the Heaviside step function
o(z) = {Oifz <0, 7
lif z > 0.

Taking into account the two barriers, we
have to add the relation
—kxif x=-bandx <0,
x =14 —ktif x=bandx >0, (8)
X otherwise.

The previous relation takes into account the
collision phenomena (by the coefficient of
restitution k) which may appear for x =—b, or
x =b. Let us observe that a collision appears at
x = —b ifand only if x < 0, that is the mass goes to
the barrier. A similar discussion may be done for the
case x =b.

3. NUMERICAL STUDY

We consider the wvalues: k=009,
k, =15N/m,and k, = =500 N/m?, b = 0.0lm.
In the first stage we want to see the

influence of the pulsation of harmonic excitation.
We will take @ = 0.5m, and p = 0.01.
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Figure 2. Time history x = x(t) for o = 1s7'.

The results of the simulation are drawn in
Figs. 2, 3 (for o = 1s7"), Figs. 4, 5 (for ® =10s7"),
and Fig. 6, 7 (for @ = 100s7").

It is clear the quasi-periodic character of the
motion, the quasi-period decreasing when ®
increases. We may state that the quasi-period is
approximate equal to 27/ . In addition, the shape
of the graphic is not the same for the collision at
x=b and x = —b. This problem will be discussed
later.
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Figure 5. Time history x = x(t) for ® = 10s™!
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another period of time, the collisions take place at

[s/w] x 10p

maintained, but some broad band aspects are

the other point. The quasi-periodic character is
presented at higher values of a .
T

take place only collisions at one point, then, for
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Figure 6. Time history x
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Figure 7. Time history x

Maintaining the pulsation ® =10s™!, we may
vary the amplitude a obtaining the diagrams in

Figs. 8, 9 (for a = 0.75m), and Figs. 10, 11 (for

a=2m).

=2m.

t[s]

Figure 11. Time history x = x(t) for a

t[s]

Figure 8. Time history x = x(t) fora =0.75m.

The increasing of a leads to an increasing of the
oscillations at the same point of collision. The

system has the same shape, that is, a period of time

We maintain now a =1m, o =1s7!. The
influence of the coefficient of friction p is captured
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The quasi-periodic character of the motion may
be also established, the period of the motion not

significantly depending on the value of the friction
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0), Figs. 14, 15 (for p =

), and Figs. 16, 17 (for p =1).

in Figs. 12, 13 (for p
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Figure 13. Time history x = x(t) for n

t[s]

Figure 14. Time history x = x(t) for p

The increasing of the coefficient of friction leads
to a decreasing of the amplitude of motion around

the two points of collision situated at x = —b, and

x = b, respectively.
The intervals of time when the mass m is in the

vicinities of the collision points remain unchanged,

no matter the value of the coefficient of friction.
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Figure 12. Time history x = x(t) for p

Figure 17. Time history x = x(t) for p =1.
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We may state now that the phase portrait which
was found near the barrier x = —b in the situation of
ky = =500 N/m? is situated now near the barrier
x = b ; a similar statement holds true for the barrier
x =-b in this case and the barrier x =5 for
ky = =500 N/m?.

The change of sign of the nonlinear term of the
stiffness leads to a change of the barriers. An

explanation of this phenomenon will be given at the
conclusions.
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Figure 18. Time history x = x(¢) for k; = 500 N/m? .

dot x [m/s]

Figure 19. Time history % = x(¢) for k&; = 500 N/m? .
3. CONCLUSIONS

Our study highlighted the influence of different
parameters upon the behavior of the system. We
consider as parameters of influence the amplitude of

the excitation, the pulsation of the excitation, the
coefficient of friction and the nonlinear term of
stiffness of the spring.

In the numerical simulations one of this
parameter is consider as variable, the rest of the
parameters remaining constant.

The explanation of the mirror phenomenon in the
phase portrait is as follows. The behavior of the
system is composed by two behaviors. First one is
the linear on given by the coefficient k,, and the

second one is the nonlinear one given by the
coefficient k,. In addition, the function that

describes the stiffness of the spring is an odd one.
The mirror imagine is an approximate one, not an
exact one, because the influence of the other
parameters of the system.
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