
 

RJAV vol XI issue 1/2014                                             41                                                        ISSN 1584-7284 

An Analysis of the Dynamic Behavior of Circular Plates from a 
Damage Detection Perspective 
 
Marius TUFOI 
“Eftimie Murgu” University of Reşiţa, Piaţa Traian Vuia 1-4, 320085, Reşiţa, 
m.tufoi@uem.ro 
 
Gilbert-Rainer GILLICH 
“Eftimie Murgu” University of Reşiţa, Piaţa Traian Vuia 1-4, 320085, Reşiţa, 
gr.gillich@uem.ro 
 
Zeno-Iosif PRAISACH 
“Eftimie Murgu” University of Reşiţa, Piaţa Traian Vuia, 1-4, 320085, Reşiţa, 
zpraisach@yahoo.com 
 
Jean Loius NTAKPE 
Alphabet International GmbH, Georg-Brauchle-Ring 50, 80992 Munich, Germany 
ntakpe@ntakpe.com 
 
Cornel HATIEGAN  
“Eftimie Murgu” University of Reşiţa, Piaţa Traian Vuia 1-4, 320085, Reşiţa, 
c.hatiegan@uem.ro 
 
Abstract: This paper presents a study regarding the dynamics of thin circular plates, embedded on the 
circumference. A finite element analysis (FEA) as well as analytical investigations is performed, and the 
results in terms of frequencies and mode shapes are used to highlight the plate’s dynamics. First we 
demonstrated the good fit between the results obtained in different ways. Analyzing the plate’s dynamic 
behavior, we identified vibration modes able to be used to extract patterns characterizing a damage 
location. These damage signatures can be used, similar as in the case of beams, to find the damage 
location. 
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1. INTRODUCTION  

 
 The circular plates are often used in mechanical 
and civil engineering structures. Their shape and 
support types are imposed by different conditions, 
imposed by the structure’s functions and 
exploitation.  
 The first researches regarding vibrations of plates 
were published at the end of the 18th century by 
Euler, and members of the Bernoulli family; later 
Chladni, Strehlke, Konig, Tanaka, Rayleigh, Ritz 
and in more recent times Timoshenko, Mindlin and 
Leissa for instance brought important progresses in 
this domain [1]-[6], by development of methods in 
order to solve the plates and establish some rigorous 
solutions of their differential equations of 
equilibrium. Both static and dynamic behavior was 
considered; thus for vibration response a lot of 
questions have not been answered. 
 
 

 Nowadays, methods to derive the intact plates 
natural frequencies, mode shapes and curvatures are 
well-known. However, it remains the challenge to 
find relations that provide this features if damage 
occurs.  
 In our previous researches we found models for 
thin rectangular plates derived from the beam 
theory, valid for any plate support type [7]; therefore 
it was possible to define patterns characterizing any 
damage and to use these patterns for damage 
assessment in plates.  
 The aim of our recent researches was to establish 
damage signatures for circular plates as well, and to 
extend the damage detection method’s availability to 
these types of plates. We present in this paper the 
dynamic response in displacements and curvatures 
(i.e. strain energy) for the circular plates fixed all 
around. This information can be used to detect 
damage occurrence and asses their location (in terms 
of radii) and severity.  
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2. THE MODAL ANALYSIS 
 
 The finite element analysis is made using the 
SolidWorks simulation software, in particular the 
frequency analysis module. A circular plate fixed on 
the circumference is considered; the plate is made of 
AISI 1045 steel, with the physical parameters 
presented in Table 1. The plate has the radius a = 
400 mm and a thickness h = 2 mm. To obtain 
reliable results Solid mesh tetrahedral elements with 
four characteristic points are used, the maximum 
edge dimension of one element being 2 mm. 

 
Table 1. The mechanical properties for AISI 1045 steel 

Yield 
strength 

Elastic 
modulus 

Poisson’s 
ratio 

 Mass 
density 

[N/mm2] [N/mm2] [-] [kg/m3] 
530 205 0.29 7,850 

 
A similar plate was subjected to analytical 

analysis, where the well-known transcendental 
function given in Eq. (1) is used to derive the values 

of 
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where Jm is the m-th Bessel Function of the first kind 
and Im is the m-th Modified Bessel Function of the 
first kind respectively. The mode shapes are 
obtained from the relation 
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where r is the variable defining the distance to the 
plate center and θ the angular distance to a reference 
axis. As presented in figure 1, given in reference [8], 
several typical mode shapes are identifiable, in 
respect to the number of nodal circles n in which the 
plate is radial divided and the number of nodal 
sectors m defined by the number of nodal diameters 
(i.e. the number of minima or maxima identifiable 
on a nodal circle). 

The natural frequencies are deduced as 

)1(122
2

2

2

2







Eh

a
f mn

mn                (3) 

the first 22 of them being presented in Table 2. From 
the FEA, we obtained the natural frequencies of the 
first 40 vibration modes, presented in the same table. 
One can observe that some natural frequencies 
derived by FEA can be found as pairs. The excellent 
fit between the frequencies values derived in two 
different ways is to be remarked, that confirms the 
accuracy of obtained results.  
 

 
Figure 1. Classification of vibration modes of circular 
plates in respect to modal values m and n  

 

Figures 2 and 3 present the mode shapes derived 
using the FEA. It can be observed that the 
displacement of the points located on a circle, which 
is coaxial to the circular plate, are subjected to a 
sinusoidal law, as specified in Eq. (2).  

 

Table 2. Values of the derived frequencies 

FEA mode 
number 

Frequency 
FEA [Hz] 

Physical mode 
number m-n 

Frequency 
Analytic 

[Hz] 
1 31.337 0-0 31.32 

2 and 3 65.212 1-0 65.19 

4 and 5 106.97 2-0 106.95 

6 121.98 0-1 121.96 
7 and 8 156.5 3-0 156.48
9 and 10 186.54 1-1 186.53 

11 and 12 213.63 4-0 213.63 
13 and 14 259.36 2-1 259.38 

15 273.22 0-2 273.24 
16 and 17 278.22 5-0 278.26 
18 and 19 340.39 3-1 340.45 
20 and 21 350.16 6-0 350.24 
22 and 23 368.15      1-2 368.23
24 and 25 429.34      7-0 429.32      

26 and 27 429.51      4-1 429.65 

28 and 29 471.5       2-2 471.68 

30 484.89      0-3 485.08 

31 and 32 515.69      8-0 515.7      

33 and 34 526.59      5-1 526.85 
35 and 36 583.26      3-2 583.58 
37 and 38 609.13      9-0 609.15      
39 and 40 610.05      1-3 610.41 
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FEA: Mode 1 

Physical: Mod 0-0 
FEA: Mode 2 

Physical: Mod 1-0 

 
FEA: Mode 3 

Physical: Mod 1-0 
FEA: Mode 4 

Physical: Mod 2-0 

FEA: Mode 5 
Physical: Mod 2-2 

FEA: Mode 6 
Physical: Mod 0-1 

 
FEA: Mode7 

Physical: Mod 3-0 
FEA: Mode 8 

Physical: Mod 3-0 

 
FEA: Mode 9 

Physical: Mod 1-1 
FEA: Mode 10 

Physical: Mod 1-1 

 
FEA: Mode 11 

Physical: Mod 4-0 
FEA: Mode 12 

Physical: Mod 4-0 

FEA: Mode 13 
Physical: Mod 2-1 

FEA: Mode 14 
Physical: Mod 2-1 

Figure 2. The mode shapes for the first fourteen bending 
vibration modes 

FEA: Mode 15 
Physical: Mod 0-2 

FEA: Mode 16-17 
Physical: Mod 5-0 

FEA: Mode 18-19 
Physical: Mod 3-1 

FEA: Mode 20-21 
Physical: Mod 6-0 

FEA: Mode 22-23 
Physical: Mod 1-2 

FEA: Mode 24-25 
Physical: Mod 7-0 

FEA: Mode 26-27 
Physical: Mod 4-1 

FEA: Mode 28-29 
Physical: Mod 2-2 

FEA: Mode 30 
Physical: Mod 0-3 

FEA: Mode 31-32 
Physical: Mod 8-0 

FEA: Mode 33-34 
Physical: Mod 5-1 

FEA: Mode 35-36 
Physical: Mod 3-2 

FEA: Mode 37-38 
Physical: Mod 9-0 

FEA: Mode 39-40 
Physical: Mod 1-3 

Figure 3. The mode shapes for bending vibration modes 
fifteen to forty  
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From the scheme presented in figure 1 and the 
3D-representations shown in figures 2 and 3, one 
can observe that there are some typical forms of 
vibration modes. Considerations about these classes 
and their usefulness in damage patterns design is 
treated in the next section.  

 
3. TYPICAL MODE SHAPE CROSS-
SECTIONS   
 

For damage detection, a crucial role has the 
cross-sections shape of the different vibration 
modes. The functions describing any mode shape 
can be deduced from Eq. (2); from this relation 
result that, for damage detection, not all vibration 
modes are proper o be used, while the cos term in 
the right side of Eq. (2) modulates the transversal 
displacement’s amplitude. Analyzing the figures 2 
and 3, a number of four main vibration mode classes 
are identified and described below. 

The first class consists of the modes for which 
0m , therefore 1cos m , i.e. no amplitude 

modulation along the modal circles exists. These 
shape looks like a “Mexican head”, with the biggest 
amplitude always in the plate’s center, like depicted 
in figure 7.  

  

Mode shape 1 (FEA) ≡ 0-0 (physical) 

  
  Mode shape 6 (FEA) ≡ 0-1 (physical) 

 
Mode shape 15 (FEA) ≡ 0-2 (physical) 

 
Mode shape 30 (FEA) ≡ 0-3 (physical) 

 

Figure 7. Profiles of the mode shapes having the modal 
values m = 0, n = 0...3 

 
For the damage detection method developed by 

our research group [9], this class is the proper one, 
while patterns characterizing univocally a damage 
location (in terms of radii r) can be obtained. These 
patterns are analytically obtained from the modal 
strain energy distribution; figure 8 presents an 
example for vibration modes 0-0 and 0-1. Here the 
shapes are presented in images a) and c), while the 
modal strain energy lost due to damage (proportional 
to the squared of the modal curvatures) is presented 
in images c) and d). 

 
a) 
 

 
 b) 

 
c) 
 

 

d) 

Figure 8. Mode shapes and strain energy distribution for 
modes 0-0 and 0-1.  

 
The second class consists of the modes for 

which 1m , therefore the amplitude modulation 
along the modal circles is subjected to one period. 
These shapes cross always the horizontal reference 
plane in the plate center with null amplitude, like 
depicted in figure 9. It has to be mentioned that the 
shape crosses the center obliquely.  

 
Mode shape 2-3 (FEA) ≡ 1-0 (physical) 

 
Mode shape 9-10 (FEA) ≡ 1-1 (physical) 

 
Figure 9. Profiles of the mode shapes having the modal 
values m = 1, n = 0 and 1 

Mode shape 0-0 

Mode shape 0-1 

Strain energy distribution – mode 0-0 

Strain energy distribution – mode 0-1 



 

RJAV vol XI issue 1/2014                                             45                                                        ISSN 1584-7284 

 The third class consists of the modes for 
which 1m , therefore the amplitude modulation 
along the modal circles is subjected more periods, 
and 0n . In this case the shapes look like a sliced 
“Italian pizza”. It has to be mentioned that the shape 
crosses the plate center horizontally, the higher the 
modal value m, the larger the area around the center 
where no displacement exists. If m is an uneven 
number, the shape is asymmetric in respect to the 
vertical axis (figure 10), while if m is an even 
number the shape is symmetric (figure 11). 

 
Mode shape 7-8 (FEA) ≡ 3-0 (physical) 

 
Mode shape 16-17 (FEA) ≡ 5-0 (physical) 

 
Figure 10. Profiles of the mode shapes having uneven 
modal values m > 1,and  n = 0  

 
Mode shape 4-5 (FEA) ≡ 2-0 (physical) 

 
Mode shape 11-12 (FEA) ≡ 4-0 (physical) 

 
Figure 11. Profiles of the mode shapes having even 
modal values m > 1, and n = 0 

 
The fourth class consists of the modes for which
1m  and 0n . This class is similar to the 

previous one, but the cross-section on a diameter 
presents an increased number of maxima and 
minima, like it is illustrated in figure 12. Obviously, 
the rules regarding symmetry and expansion of the 
central region without displacement are valid. 

 
Mode shape 13-14 (FEA) ≡ 2-1 (physical) 

 
Mode shape 18-19 (FEA) ≡ 3-1 (physical) 

 
Figure 12. Profiles of the mode shapes having the modal 
values m > 1, and n > 0 

The mode shape typologies belonging to the last 
three classes are not directly utilizable in the damage 
detection method, while the amplitude values for 
any mode are subjected to alteration because of the 
term mcos . In addition, the positions of the nodal 
diameters (their number is defined by the modal 
value m) are unknown, so that no reference axis is 
available. Consequently, we can presume that it is 
not possible to design patterns that characterize a 
damage location from these vibration modes. 
However, the case is in study and we try to find out 
if no additional information can be extracted from 
these modes.     
 
4. DAMAGE PATTERNS DESIGN 
 

As presented, the mode shapes that are proper to 
define damage patterns belong to the first class. 
Thus, we considered these modes, for which the 
local energy distribution for any mode (neglecting 
the share force) is deductible using Eq. (4).     

 

 

 

 

 

 

 

 
  -0.4       -0.3       -0.2       -0.1       0.0        0.1        0.2        0.3        0.4 

Figure 13. Frequency shifts due to damage for the 
vibration modes m = 0 and n = 0…6 
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because the term 1cos m , and therefore the 
function is independent of θ.  

The frequency shift for the particular vibration 
modes 0m  is proportional to the stored energy, 
and is calculable with the mathematical expression 
indicated in [10,11] for beams, as: 

      2
0_0_0 )()(1),( rwdfdrf nUnDn
          (5) 

where d is the damage depth and γ(d) a term 
reflecting the damage severity. In this relation the 
normalized modal curvature )(0 rw n

  is considered. 
Figure 13 presents the frequency shifts due to 

damage for the vibration modes m = 1 and n = 0…6 
highlighting the case of a damage placed at distance 
r = 0.3 m from the plate center. It have to be 
mentioned that the radius is considered as having 
positive values wherever the damage is located, 
since the plate is symmetric and no reference system 
can be defined. 

 

 
Figure 14. Frequency shifts for vibration modes having 
modal values m = 0 and n = 0…6, for a damage located 
distance at r = 0.3 m from the plate center 

 
Normalizing the values for a location on the 

radius by the highest values of the series, in order to 
obtain values between 0 and 1, one obtains the 
damage patterns as defined in [12].   

  
5. CONCLUSION 
 

In this paper the vibration modes of circular 
plates fixed at the circumference, which are proper 
to be used in damage assessment processes, are 
identified. These modes, namely the class of m = 0, 
present a similar displacement all around on any 
radii, therefore the localization algorithm designed 
for beams is totally applicable in the case of circular 

plates. Nevertheless, the damage position is 
identifiable only as a radius, the localization in two 
coordinates is possible just by involving more 
features extracted from the vibration signal, 
eventually the time delay if more sensors are used.  
These findings are also valid for circular plates with 
other support types. 
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