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Abstract: This paper present the limitations encountered by using the Discrete Fourier Transform for the
analysis of vibration signals. Difficulties in determining the precise frequencies appear particularly in
cases where the acquired vibration signals are characterized by low frequency and short duration. The
performed analyzes, made for different specific situations by using the signal processing toolbox of the
Scilab program, succeed highlighting the reduced capability of the Discrete Fourier Transforms to

accurately evaluate the frequency values.
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1. INTRODUCTION

Monitoring and further processing of vibration
signals are activities that involve specific techniques,
such: data acquisition, transmission, storage
and processing, evaluation, validation and
valorization [1].

All complex signals can be regarded as a
superposition (sum) of harmonic signals with
different amplitudes, frequencies and phases. Their
modeling in the frequency domain consists in the
fact that the parameters of each oscillation,
amplitude and phase, are represented according to
frequency, so-called spectral analysis [3]. In most
cases, extracting accurate frequency components is
of great importance for correct deciding about the
monitored system’s condition. Thus, numerous
researchers concern this aspect [2]-[7].

2. REPRESENTATION OF DISCRETE
SIGNALS IN FREQUENCY DOMAIN

Signals are in overwhelming proportion in
continuous form. By time sampling, which means to
ensure an amplitude value for each discrete time n-T'
(withn =0, 1, 2,...) these are converted into discrete

signals. This conversion is necessary because digital
computers are able to interpret just discrete signals.
As a consequence, a continuous sinusoid passes into
a discrete harmonic function, as presented in (1) and
illustrated in figure 1.
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Figure 1. Discretized sinusoidal signal

The transition to discrete signals is directly linked
to the choice of sampling time 7, respectively
the sampling frequency fr. The Shannon’s
sampling theorem has to be respected; if the
condition is not complied, all frequency components
higher than f7/2 evade a fair processing (e.g. the
signal cannot be exactly reconstructed from the
sampled values) [5].
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If in the Fourier integral equation (2) the
continuous aperiodic signal u[f] is replaced by its
sampled values and the integral operation with an
infinite sum, the analytic relation (3), for converting
discrete signal time series into the frequency
domain, is obtained.
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As seen from (3), discrete aperiodic signals
generate continuous spectra (periodic).

Assuming that u[n-T] is a discrete periodic series
of a signal, it can be shown that [1] U/f] exists just
at discrete frequency points
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Above referred period has an exact length of N
frequency points. If U[f] is assessed only in this
frequency points, and the sum shall be composed by
n =0 to N, equation (3) passes into

N
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the discrete Fourier transform (DFT), with £ = 0, 1,
2, ..., Nis obtained:
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In case of discrete periodic signals, DFT works
exactly under the premise that the observation period
N-T is equal to an integer multiple of the length of
the Ty period of the analyzed signal:

(N-1)-T=iTy,with i=1,2,3,... (8)
For simplicity of writing reason, the arguments of

U and u, i.e. Af and T, are often ignored, applying
following identity:

U(k-Af)=U(k) and n(n-T)Eu(n). 9)

As noted, between the sampling time lengths, the
observation period of the signal in time domain and
the frequency resolution in the maxim captured
frequency domain of a DFT, are close linked [3].

The sampled temporal signal, figure 2, defined
through the sampling parameters: sampling time 7,
sampling frequency fr = 1/7, analyzed signal period
tena = (N-1)-T, maximum number of sampled values
N and variable in time domain n, provides, after

application of the DFT, relationship (7), the
spectrum amplitude, figure 3.

oty "

u(nT)

A

1 % : : :

@ : : :

054t .-“?)‘..g .............. é...T..q..T‘..i .............. : ...... T .....

ob b g o Q(L(L@? e
05 l,lo ...... l .............

4 H H H H t
0 1 2 3 4 5

tena

012345 - N

Figure 2. Sampled signal in time domain
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Figure 3. Amplitude spectrum of the sampled signal

As it can be identified from the spectrum
amplitude of the sampled signal, figure 3, DFT
computes a spectrum with a flipped periodic
repetition of N/2 frequency points. Since this
repetition does not contain new information, it is
sufficient to analyze the DFT only to N/2. For this
reason, the frequency corresponding to this point is
called f,.., because here stops the maximum
analyzed DFT domain. Based on this, result:

e  maximum analyzable frequency domain
oo Af-N_fr 1

max 2 2 2T
e  number of spectral lines until f,,,,: N/ 2,
e frequency resolution:
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e spectral line position: k-Af,
e spectral line index: .

3. SPECTRAL ANALYSIS LIMITS

The spectral analysis of a signal is to identify his
frequency components in a certain frequency
domain, until f,,, with a specific resolution Af.
Based on the previous remarks, follows that the
frequency domain f,,, increase with the decrease of
T. On other hand the frequency resolution becomes
better, Af decrease, once N respectively ., increase.

In practical application, the conditions stated in
relation (8) for exact application of DFT. are rarely
always assured in practical applications.

An DFT analysis that satisfies condition (8) is
exemplified, using Scilab, for a sinusoid with f, =
1Hz, thus u/t] = sin(2 zfyf). The signal length in time
tena = 28, twice greater than the duration of the
signals period 7, = 1s. For a sampling period 7 =
0.1s, lead to fr = 10Hz, and N = 21. The sampled
signal u/nT] = sin2Qafyn-T), figure 4, frequency
resolution A" = 0.5Hz. On a single line, at fp = 1, a
frequency component is indicated, in all other
analyzed frequencies, the spectrum lines have zero
amplitude, figure 5. The value for the amplitude can
be precisely calculated from its spectrum:
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Figure 4. Analyzed signal
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Figure 5. Exact DFT analyze

In practice, the length of the acquired signal is
defined by the operator, without having prior
information about the exact value of the signals
frequency components that have further to be
analyzed. If the condition (8) is not respected, this
leads to erroneous frequencies — amplitude pairs.

This phenomenon is known as “spectral leakage”,
reflected in a distorted spectrum: from a spectral line
of one frequency components, the energy is
distributed over several spectral lines, whose
envelope finds its maximum next to the oscillation
frequency f.

We alter the before presented ideal case, only
changing the signal acquisition time, that is
increased to 7., = 2.2s. The number of samples
increases from N = 21 to N = 23, figure 6, through
which the condition (8) is no longer satisfied and the
previously exposed distortion effect, is properly
highlighted in figure 7. The frequency resolution
becomes Af = 0.4348Hz. In those conditions, it can
be only assumed that the oscillation frequency fj is
closer to 2-Af = 0.87Hz than at 3-Af = 1.3Hz. The
signals amplitude (10) is also erroneously calculated
u=0.83.

u(t); u(nT)
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Figure 6. Acquired sampled signal
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Figure 7. DFT analyze — distorted spectrum

A reduction of the distortion effect and thus
obtaining a more precisely determination of the real
oscillation frequency fy of the temporal signal is
achieved by increasing the frequency spectrum Af.
This can be accomplished by increasing the
observation time f,, of the signal, which is
equivalent with keeping constant the sampling
period 7, increasing the maximum number of
samples N. The signal obtained by increasing the
observation time for four times compared to the
previous analysis to z.,; = 9.2s, achieved with N =
93, is presented in figure 8. The distance between
the spectral line becomes Af = 0.1087Hz and the
distortion will be significantly reduced, as depicted
in figure 9. The identified frequency /= 0.98Hz is
much closer on the 10" spectral line which is much
closer to the oscillation frequency f, = 1Hz.
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Figure 9. Reduced distortion effect

If for various reasons, increasing the observation
time of the temporal signal cannot be done,
especially in cases of short time and low frequency
acquired vibration signals, in order to obtain
accurate test results, the so-called “zero-padding”
procedure can be applied.

To the temporal signal with a duration of
tena = 2.3s, the analysis time is artificially increased
up to 9.2s assigning null values for the added signal
segment. This procedure, known as “zero padding”,
is presented in figure 10. The frequency resolution
was improved and is now similar to the above-
presented case, figure 9, the frequency being
computed at /= 0.98Hz, figure 11. Regarding the
spectrum distortion effect, it is again evident by
increasing his envelope.
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Figure 10. Increasing the time observation ¢,,, through
“zero - padding”
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Figure 11. Increasing the frequency resolution through
“zero-padding”

The “zero-padding” procedure presents always a
disadvantage when the signal that has to be analyzed
consists of several components of different, but
appropriate, frequencies. This procedure hid the
danger that spectral lines of real frequencies will be
mixed between them.

4. CONCLUSIONS

The paper highlights the limitations of the Digital
Fourier Transform, as well as the impossibility of
different actual post-processing methods to
compensate this limitation. This is unpleasant
especially for signals of low frequency and short
time, achieved for instance from vibration
measurements; for those signals an exact evaluation
with standard methods is impossible, errors of 13 %
being found even for an analysis time of 2 s.

By artificially increasing the time of analysis by
zero-padding, the frequency is evaluated more
accurately, with an error of 2%, but numerous
spectral lines present altered values. This makes
zero-padding inadequate if more components are
presumed in the spectrum.

For future researches we propose to compare the
accuracy of identifying the exact oscillation
frequency from other methods and make our
contribution to improve their outcome.
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