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Abstract: In this paper the distortion of the neutral axis of cantilever beams due to damage is analyzed via
numerical simulations. Both static and dynamic behaviors are considered, aiming to prove that the
damage affects all bending vibration modes in a similar manner. Thus, the beam deflection under its own
mass is identified for the healthy state and for a series of imagined damage scenarios. Afterwards, the
natural frequencies are numerically evaluated and the correspondence between the deflection increase as a
measure of energy lost and the frequency shifts is found. It was also demonstrated that the local value of

the neutral axis of damaged beams is not anymore an indicator of the locally stored energy.
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1. INTRODUCTION

Non-destructive evaluation of structural integrity
is an emerging domain in mechanical and civil
engineering. This is justified by the necessity of
knowing the structure’s health condition, in order to
predict vulnerabilities and avoid accidents or even
collapse. As most common members of mechanical
and civil engineering structures, beams are in the
focus of scientists, numerous research and review
articles being published in last decades [1]-[4].

Several papers deal with the stored energy,
bending moment or mode shape curvatures to locate
damages in beams and evaluate their severity [5]-
[9]. If these features are globally evaluated, i.e. the
global deflection increase is for instance analyzed,
the theoretical background is established and the
results can be involved in damage detection. In
contrary, a mathematical relation to predict the
neutral axis deflection during the vibration process is
not known. It is also not stated if the local deflection
values in the damaged region reflect the locally
stored energy diminishing and consequently the
frequency decrease.

The aim of the presented research was to
highlight the manner how the neutral axis is
digressed due to a damage and to establish the extent
of this perturbation.

2. NEUTRAL AXIS OF UNDAMAGED
BEAMS

Let us consider a beam, fixed at one end and free
at the other, having the length L=1 m and with the
rectangular  cross-section’s edges 5=20 mm
respectively #=4 mm. As a consequence, the cross-
section area is A=bhh and the moment of inertia is
I=bh*/12. The beam has the volumetric mass density
p=7850 kg/m’, the Young’s modulus £=2.1-10"
N/m?” and the Poisson ratio v=0.3.

In the initially undamaged state, and if no force
acts on the beam, the neutral axis is straight,
according to Navier’s formula. The neutral axis (Fig.
1) is obtained for y=0), respectively o=0.
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Figure 1. Neutral axis for the undamaged beam

For the neutral axis position for the particular
vibration modes, if the healthy beam vibrates, is
given by the solutions of the equation of motion (1).
We consider the modes as individual cases since the
superposition principle is applicable. It is:

oW(x)

i a*W(x)=0 (1)

with the solution
W (x) = Asin(ax) + B cos(ax) + C sinh(ax) + D cosh(ax) (2)

where «; are the dimensionless wave numbers

achieved from the cantilever’s characteristic
equation (3):
cosa; cosha; +1 3)

The beam deflection for the first 3 bending
modes is presented in Fig. x. It has to be mentioned
that the mode shapes are identical with the neutral
axis, therefore the mathematical relation expressing
the neutral axis of a vibrating beam is known
(equation 2).
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Figure 3. Neutral axis

The beam frequencies are derived from:

2 [Er 2 [E
ﬁ = —’2 —_ =1 — (4)
277\ pA  27x \'mL

where m is the beam mass.

In the region where the beam has a geometrical
discontinuity the Navier formula cannot be applied.
To show the perturbation in the region of the
damage we performed an analysis by means of the
finite element method (FEM) which is presented in
the next section.

3. NEUTRAL AXIS FOR BEAMS WITH
ONE DAMAG

Case 1. In the considered beam there is a closed
crack of depth =2 mm (Fig. 2), that means that the
crack width is zero. We created several damage
scenarios to highlight the neutral axis deviation due
to damage and used the FEM to find areas where
0=0. In all cases we used a beam with the
specifications presented in previous section, except
the beam height 4. Hexahedral mesh elements of 0.5
mm dimension are always used.

In the first damage scenario the beam height is
h=4 mm and a damage of depth ¢=2 mm is located
at distance x=15 mm from the fixed end.

Normal stress (X Axis)
Unit: MPa
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Figure 2. Neutral axis for the beam with closed crack

Analyzing the FEM results from Fig. 2 it can be
observed a distortion for neutral axis (red line) from
the medium value of the remained thickness of the
beam (/-a)/2. This distortion occurs on both sides of
the crack to a length greater than the thickness of the
beam. Starting from neutral axis of the undamaged
beam, first, tends to decrease for the value (4-a)/2,
then increases to a value greater than (4-a)/2, tends
to decrease again to (/-a)/2 and finally increase to
initial neutral axis.

On the crack surfaces there are other small areas
with 0=0. That means that for these areas the
material does not transmit stresses. From point of
view of natural frequencies (Eq. 2), for these areas
only the mass can be considered. The stiffness in the
vicinity of crack cannot be considered.

Case 2. For the same beam we consider, in the
second damage scenarios, an open crack (Fig. 3)
with the same depth ¢=2 mm but with the crack
width of ¢=6 mm.

It can be seen that inside of the crack width, the
neutral axis reach to medium value of (/4-a)/2, but in
the area transition from a thickness to the other,
neutral axis distortions are evident.
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Figure 3. Neutral axis for the beam with open crack

L.

The magnitude of the neutral axis distortions in
these areas is lower as by the closed crack, but the
shape of the neutral axis is the same if we remove
the crack width.

The analysis of Fig. 2 and 3, it can be concluded
that the transition from one thickness to another,
neutral axis distortion is caused by the change in
thickness and do not take account of the crack width,
because the length of the distorted area is the same
for both cases.

Like the closed crack, on areas of change from
one thickness to the other, there are small areas with
0=0 having influence in changing natural
frequencies.

4. NEUTRAL AXIS FOR BEAMS WITH
DAMAGES PLACED IN THE SAME
TRANSVERSAL SECTION

Case 3. To prove this statement, we consider a
third damage scenario. In this case we analyze the
beam with two open cracks, located on the two
opposite faces on the same beam segment. They
have different depths: on top with a;=1.5 mm, on
bottom with a,=2.5 mm. The thickness of the beam
is in this case #=7 mm, see Fig. 4.

Normal stress (X Axis)
Unit: MPa

Figure 4. Neutral axis for the beam with two open cracks
in opposition with different depths
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It can be observed in Fig. 4 that the neutral axis
between the two thicknesses shows a smooth
transition without distortion, even if cracks have
different depths. This means that the two cracks
arranged in opposition to each other cancels the
effect given by the changing of the beam geometry.

Case 4. In the fourth damage scenario the beam
has two open cracks, located on the two opposite
faces on the same beam segment, (Fig. 5). They
have the same depth a;=a,=2 mm. The thickness of
the beam is again 4/=7 mm.

Normal stress (X Axis)
Unit: MPa
BoO
Figure 5. Neutral axis for the beam with two open cracks

in opposition with same depths

5. RESULTS AND DISCUSSION

The FEM results for the four analyzed cases
are presented in tables 1-4.

Table 1. Case 1. Comparison between FEM and analytic

method for evaluation of natural frequencies

Max. deflection for undamaged beam 8y, | 36.0039 mm
Max. deflection for damaged beam 8, | 38.0226 mm
y(a)= (,/é'D -y )/ op 0.0269082

Vib. Mode | f; / [Hz]

| /i p[Hz]

At/ fi v [%]

FEM

3.265195972

3.195201382

2.143656641

20.46112332

20.07953083

1.864963533

57.28641843

56.34677138

1.640261463

112.2453604

110.6373568

1.432579138

185.5233555

183.2109571

1.246419008

N[N |W I[N =

277.0938966

274.1021876

1.079673364

Analytic

3.342066378

3.27209173

2.093753977

20.94437247

20.56102128

1.830330275

58.6448494

57.67486457

1.65399832

114.9204989

113.2714343

1.434961226

189.9718189

187.6380769

1.228467497

N[ B W [N [—=

283.7850026

280.850341

1.083375663

Table 2. Case 2. Comparison between FEM and analytic
method for evaluation of natural frequencies

Max. deflection for damaged beam 8, | 43.1323 mm
y(a)= (,/é'D -y )/ op 0.0863636

Vib. Mode | f; ; [Hz]

| fip[Hz]

AL/ fi u[%]

FEM

3.265195972

2.989496653

8.44357647

20.46112332

19.12600019

6.525170241

57.28641843

5430518161

5.204090081

112.2453604

107.5836263

4.153164186

185.5233555

179.3391744

3.333370634

N[N B |W ([N =

277.0938966

269.6561984

2.684179712

An

alytic

3.342066378

3.065229453

8.283405936

20.94437247

19.57952066

6.516556276

58.6448494

55.63229885

5.136939688

114.9204989

110.159103

4.143208463

189.9718189

183.7390922

3.280869106

QN[ B W [N =

283.7850026

276.2758844

2.646058842
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To calculate the natural frequencies for the
damaged beam we use the Gillich-Praisach relation:

2 2
f,»,D(x,a) = fi*U l—y(a)[MJ (5)

o’

and obtained values for the four analyzed cases are
also shown in tables 1-4.

Table 3. Case 3. Comparison between FEM and analytic

method for evaluation of natural frequencies

Max. deflection for undamaged beam 8y | 11.7607 mm

Maxi. deflection for damaged beam 8p | 18.2452 mm
7(a)= (@—@)/ 5y 0.1971337

Vib. Mode | fiy[Hz] | fip[Hz | Af/f u[%]

FEM

1 5.713040148 |4.673290933| 18.1995783

2 35.7945819 |31.48221956| 12.04752817

3 100.1911938 191.50827248| 8.6663513

4 196.2380227 |183.7124587| 6.382842568

5 324.1907905 |308.5888186| 4.812589472

6 483.912955 ]466.0975624| 3.681528338

Analytic

1 5.848616161 |4.782056162| 18.23610868

2 36.65265183 [32.31069981| 11.84621523

3 102.6284864 |93.98545888| 8.421665236

4 201.110873 [187.5986666| 6.718784624

5 332.4506831 [316.6349032| 4.757331143

6 496.6237545 |477.3598801| 3.878967568

Table 4. Case 4. Comparison between FEM and analytic

method for evaluation of natural frequencies

Vib. Mode | f; y [Hz]

| fio[Hz] | Af/f y[%]

FEM

5.713040148

4.67463819

18.17599616

35.7945819

31.48618057

12.03646225

100.1911938

91.51534959

8.659288199

196.2380227

183.7236548

6.377137177

324.1907905

308.6066504

4.807089088

N[N | B |W (N~

483.912955

466.1290122

3.675029275

Analytic

5.848616161

4.782056162

18.23610868

36.65265183

32.31069981

11.84621523

102.6284864

93.98545888

8.421665236

201.110873

187.5986666

6.718784624

332.4506831

316.6349032

4757331143

N[ B |W [N | —

496.6237545

477.3598801

3.878967568

It can be observed a good correlation between
natural frequencies obtained by FEM and analytic
method. The analytic method takes into account the
maximum deflections of the beam in the healthy
state and in the damaged state.

The maximum deflection of the beam in the
damaged state is obtained for a damage located at

the clamped end with the same damage depth and
width which is considered in the analyzed case.

6. CONCLUSION

Analyzing the Case 1 and Case 2 it can be
concluded that the presence of a crack in the beam
produces local distortions of the neutral axis which
influence the natural frequencies. When the
cracks are in opposition, Case 3 and Case 4, this
effect is canceled, but changes of the natural
frequencies in the damaged state are present.

Therefore, to find the natural frequencies for the
beam with cracks is necessary to use the free ends
deflection.
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