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Abstract: In this paper are presented more technical solutions which can be used for the coupling of the
power sources. Depending on the configuration of the summing mechanisms we make some
considerations concerning the generality of the obtained relations. Further on, one presents a
mathematical model of the dynamics of the mechanisms with two degrees of mobility which reflect the
real cases of functioning of an automobile with hybrid propulsion system. In the end, we perform a study
concerning the stability of the motion, and we present the influence of the mechanical in the determined

calculation relations.
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1. INTRODUCTION

In the present times, the hybrid automotives
became a usual partner of the road traffic. More and
more companies for manufacturing automotives
have, in their series production, automotives which
couple two sources of power: one thermal and one
electrical. One may classify the last decades
constructive solutions in the following categories of
hybrid automotives: mini-hybrid, semi-hybrid, and
total hybrid.

The acerbic competition that started at the
end of the 2000’s years to reduce the noxae emitted
by the automotives, especially in urban cycle, made
the hybrid automotives a viable solution to reduce
the fuel consumption and the pollution emissions.

The mechanical coupling solution between
the thermal engine and the electrical motor was used
by Toyota Company in 1997 when it launched the
first series hybrid automotive, that is, Toyota Prius.

In Fig. 1 is presented the solution used by
Toyota Company; the coupling of the thermal engine
MT and the two reversible electrical machines ME
and GE being realized by a planetary mechanism
with two degrees of mobility.

The thermal engine MT acts upon the port-
satellite 1, the electrical machine ME acts the gear
crown 2, while the electrical generator GE is put
into the motion by the sun gear 3. A controller

manages the energy generated by the automobile,
which is stored in the battery BA.
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Figure 1. The planetary mechanism used by Toyota
Company for the Prius model.

The idea for the use of the planetary
mechanisms to couple the power sources may be
extended to other configurations of mechanisms as
in Fig. 2 a), b), ¢), and Fig. 3.
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Figure 2. Planetary mechanisms with double satellite.
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Figure 3. Planetary mechanism with conical gears.

One denotes:

— z,, and z; — the numbers of teeth for the
elements 2, and 3, respectively, in Figs. 1, 2 and 3;

— z, — the number of teeth for the satellites
in Figs. 1 and 3, or zj and zj for the pinions with
double satellite in Fig. 2;

— o, — the angular velocity of the port-
satellite.

Applying the Willis relations at the point 4,
where the toothing takes place, for the mechanism in
Fig. 1 one obtains the following relation

— = (D
0, — 0
where
. zZ
p==1, )
Z4

wherefrom it results the expression of the angular
velocity o, of the satellite

o, = o1 i) + 0. 3)
Proceeding in a similar way for the toothing
at the point B, we get

O3 — 0 _ .
—— =, 4)
®, — O
where
} z,
i, =—-"2% 5
= ®)

wherefrom it results the expression of the angular
velocity ®; of the sun gear 3
0y = o, (1 - iz) + 0y, (6)
For the mechanisms in Figs. 2 a), b), and ¢)
the relations (3) and (6) are unchanged if the ratios
i, and i, have the values

z z z
__ A i 5 . _ 5
lla - r 2 llb r 2 llc - (7)
4 Z4 Z4
Z Z” Z Z" Z Z"
= Pafa __ 54 _ D%y
Ly ="l = s b = . (®)
232y 232y 232y

In the relations (7) and (8) the second index
(a, b or ¢) is from the counting of the figure.

For the planetary mechanism with gears in
Fig. 3, starting from the representation of the vector
relation

O, =0; +Op =0, + 0y, ©)
one gets the expression of the angular velocity [5]
®, = \/0312 + ©%, — 20,0, cos(a + B) (10)

where o, and P are the semi-angles of the rolling
cones of the gears 3, and 4, respectively, while o,
is the relative angular velocity given by the relation
sin o z
Wy = (C‘)3 - 0)1) e (033 - 031)_3 (11)
sin 3 Z,
From the representation of the vector
relation

0, =0, +0,y,

(12)
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it results the expression of the angular velocity o,

Z zZ . .
®; = ml(l + Z—ZJ - o, 2_2 = (01(1 - 12)+ ®,i,, (13)
3 3

where the expression of the ratio 7, is given by the
relation (5).

2. THE EQUATIONS OF MOTION OF THE
SUMMING POWER MECHANISMS

Since the analyzed mechanisms are with two
degrees of freedom, we recall the Lagrange
equations in order to obtain the equations of motion

i 8_E _a_E:Qka k=152'
de\ 69, ) O,

where by E we denoted the kinetic energy of the
mechanism, by @, we denoted the generalized

(14)

forces, while the generalized coordinates are the
position angles ¢,, and ¢, of the elements 1, and 2,

respectively.

We will denote (Fig. 1) by m,, m,, m;, and
m, the masses of the elements, by J,, J,, J;, and
J, the moments of inertia of the elements, and by
M,, M,, and M, the driving torques of the three

motors.
To be out to obtain the Lagrange equations,
one writes the expression of the mechanical power
P=Mo +M,n, + M 0,, (15)
which, keeping into account the relation (6),
becomes
P=[M + M- + (M, + Myi,)o,. (16)
The generalized forces Q,, O, are obtained

from the principle of virtual work
L = [M, + M,(1 - i,)le,

+ (Mz + M3i2)8(|)2 {17

resulting
O =M, + My(1-iy), (18)
0, =M, + My,. (19)

The expression of the kinetic energy reads
E = %(Jlml2 + J,03 + J;03 20)
+ J,0% + m4R2c012),
R being the radius at which are placed the
satellites 4.
Using the notations (3) and (6), the kinetic
energy writes in the form

1 ) . ..
E = E(An(Plz + Azz(P%) + 4,09, (2D

A, =J+ L=, + (=i ) + mR?,
Ay = J, + 505 + J,it,
Ay = J3(1=y)i, + T, (1=
Deriving and replacing in the equations (14),
we obtain the system of two second order
differential equations
Ay + Ay = My + My(1-14y),
Ay + Ap®, = My + My,
with the solution
_ (M, + M, (1-i,)l4,
AnAy — A
(M2 + M3i2)A12
A11A22 - A122
6, = — [M, + M,(1-i,)]4,,
, =
A Ay — A
n (M, + My, )4, '
Ay Ay — A
The relations (24) also hold true in the case
of the planetary mechanisms presented in Fig. 2; for
each mechanism one has to replace the ratios i, and

(22)

(23)

1

b

24

i, with those given by the relations (7), and (8),
respectively.

3. MODELING OF THE MECHANICAL
CHARACTERISTICS OF THE MOTORS

The mechanical characteristics are usually
obtained experimentally and they present the
variation of the driving torque as function of the
angular velocity. In the case of the thermal engines
the mechanical characteristics may be approximated
by function of second or third degree, while in the
case of the electrical motors they may be expressed
by first degree functions.

In an application for the mechanism in Fig.
1, we will consider the following mechanical
characteristics:

— for the thermal engine

Ml:{ Oifml<o?10,
M, + a0, + bl if o, > 0, ;

— for the electrical motor

Y, :{ My, if 0, <0y,

My, + aym,if 0, > oy ;

— for the electrical generator
{ M, if 0y < 0y,

My, + a;041f ©; > 0y .

(25)

(26)

M, = 27)

In the previous relations M, ®,,, a;, with
i=1,2,3, and b, are constants which approximate

where the external characteristic given by the
manufacturer.
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4. THE STABILITY OF THE MOTION

Denoting the angular velocities ¢, = o, ,
¢, = ,, the equations (24) become
© = MLy, + M,L;, + M3(N12 + Nzl)a
©, =ML, + M,L,, + M3(N11 - Nzl)-
For the constant parameters we used the
notations

(28)

A
K=A11A22—A122,L22=%,
1-14,)4 A
szz(—];) 22,[412:_%,
. . (29)
N __12A12 N _(l_lz)Azz
12 = s oy = 7>,
K K
A i, A
Ly == Ny =-27
K K

Considering the mechanical characteristics
given by the relations (25) — (27), performing the
calculations and using the notations

})O = M01L22 + M02L12 + MOS(NIZ + NZI)’
Ry = MLy, + MLy, + Mg (N, = Nyy),
R =aly, +a(l -, N, + Ny,

R =alL, +a3(1—i2)(N” _NZI)’ (30)
Pz = blezs Rz = blle >
O = a,Ly, + a3i2(N12 + N21)’
O, = a,Ly; + a3i2(N11 - NZI)’
we obtain the system of differential equations
@, = R + Ro, + Ro} + 0o,
:fl(o‘)l’('OZ)’ 31
®, = R, + Ro, + R0} + 0,0,
= fz((Dla (92)-

One observes that both differential equations
are functions of ®, and o, .

We will consider the following cases.

Case 1: Steady state motion.

In this case ®, = const, ®, = const, and
from the relation (6) it results that the angular
velocity m, = const too.

Since o, =0, ®, = 0, from the system of
differential equations (24) we obtain the algebraic
system

(M, + My(1-1,)]4,
— (M, + Myiy)4, =0,

- [M1 + M, (1 I )]AIZ 32)
+ (Mz + M3i2)A11 =0
or, if we use the notations
a=M +M(1~0), p=M,+Mi, (33)

then we get the linear system of two equations
ady — P4, =0, —ad, + B4, =0. (34)
Since the discriminant of the system (34),
A = A Ay, — A% is always positive, it results a
unique solution for o and (, that is a =pf=0.

From this solution, considering the mechanical
characteristics given by the relations (25) — (27), it
results the algebraic system of equations

M, + Mo3(1 - iz) + co1["1 + a3(1 - i2)2J
+ bo? + ayi,(1 - i, )0, =0,
My, + M, + a5(1 = iy Joo,
+ coz(a2 + a3i22) =0,
which, for a shorter typing, may be put in the form

(35)

So + 5,0, + 5,07 + 5;0, =0, 36)
ty + o, + o, =0.
In the previous relations we used the
notations
So = My + My (1 - 1y),
s = q +a3(1—i2)2, s, = b, 37)
sy = ayiy (1 =1y), tg = Moy + My
t=a(l =iy, t; = a, + ayi2.
Eliminating ®, from the system (36), we
obtain the second degree equation
g(y) = 53 — S50,
+ (5,85 = 55t,) + 5,1,0% = 0.
From the mathematical point of view we
have two discuss two possibilities:
— two positive solutions, that is

A= (sits =531 ) = 4lsols = 3t Jsaty 2 0,

Sols — 83y

(3%)

—MZO pP= (39)

Syl

S = >0;

$hl3
— a positive solution and a negative one;
hence g(0)g(e0) < 0; from this condition we get
(s0t3 - s3t0)s2t3 <0. (40)
In addition, one also has to fulfill the
condition (for the senses of rotation considered in
the present analysis)
ty + Ho,

0, =—-——>0.
2 t3

(41)
Case 2: The general motion.
Considering the partial derivatives of the
system of equation (31)
D _p2ne, L—g,

(O ®, (42)

P> _pv2re, Lo,
0w, om,

we obtain the characteristic equation
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A +2Po -1 O
R +2Rm, O, —-M
where A is the complex rate of growth; it results the
equation
¥ = MR + 2P0 + 0,)
+(R +2P0,)0, - (R +2R,»,)0, = 0.
Denoting by A, and A, the solutions of the

0 43)

(44)

equation (44), the motion is stable in the following
two situations:

-MeR, A eR, A <0, 4, <0.

For the equation (44) we calculate the
discriminant A, the sum S and the product P, with
the formulae

A= (Pl + 2P0, + Q2)2
- 4(P1Q2 +2P0,0, — RO, - 2R2Q1031)’

(45)
§S=F+2Po, +0,,
P = (Pl + 2132031)Q2 - (Rl + 2R20)1) |-
The situation leads to the following
necessary and sufficient conditions
A>0, S<0,P>0. (46)

One observes that:
— the discriminant A is a second degree
function in the variable o, , the dominant coefficient

: 2
being 4P,
— S and P are linear expressions in , ,

— the inequalities S < 0 and P > 0 define
each a semi-plan.

Depending on the position of the semi-plans
we may have: two branches (possible bounded) of
parabola, a branch of parabola, or the empty set;

- A, €eC, Red, <0, Rek, <0.

The situation is possible if and only if:

A<0, §<0. 47

The condition A <0 defines a bounded
portion of the parabola, while the condition S < 0
defines a semi-plan.

5. CONCLUSIONS

In this paper we presented the kinematic
analysis and the mathematical modeling of the
motion for five planetary mechanisms which may be
used in the system of power coupling of a hybrid
automobile. The presented mechanisms permit the
coupling of a thermal engine and two electrical
motors.

From the point of view of the theoretical
study, in the paper we also present a mathematical
model for the dynamics of the mechanisms with two
degrees of mobility. The mathematical model
reflects the real cases of functioning of an

automobile with hybrid system of propulsion
(thermal engine, electrical motor, and -electrical
generator).

In the case of the kinematic analysis, the
starting solution is that used by Toyota Company at
the Prius automobile. Excepting this planetary
mechanism, we also present another four solutions
of such mechanisms which may be used for the same
goal.

The kinematic analysis was performed using
common notations, such that, based on the same
calculation relations, one may draw conclusions,
depending on the signs of certain constructive
transmission ratios which are specific to each
mechanism.

The main conclusion of the kinematic
analysis states that the angular velocity ®; of the

sun gear 3, in all five cases presented in Figs. 1, 2,
and 3, is determined with the same relation (6); in
this relation one has to vary only the expression of
the transmission ratio i, . Moreover, the mechanisms

in Fig. 1 and Fig. 3 (on one hand), and the
mechanisms in Fig. 2 @) and Fig. 2 ¢) (on the other
hand), have the same relations for the determination
of the transmission ratio i,. In addition, the sign of

the transmission ratio i, is a negative one for the

mechanisms in Fig. 1, Fig. 2 b), and Fig. 3, and a
positive one for the mechanisms in Fig. 2 @) and Fig.
2 ¢).

Hence, from kinematic considerations, the
all five mechanisms presented in the paper may be
used for the coupling of the power sources.

The dynamic analysis was also performed in
a unitary way, the final results being function of the
values of certain constants specific to the
constructive configuration and valid for all the
presented mechanisms.

One may state that the obtained solutions
depend on the kinematic parameters of the
mechanism, the characteristic parameters 4,,, 4,,,

and 4,, of the system, and the characteristics of the

used motors. To be out to perform a study
concerning the influence of each parameter, one has
to know all these parameters.

Analogically, for the study of the stability of
the motion and for the comparison of the solution,
one has to know all the mechanical parameters of the
mechanisms.

Concerning the stability of the motion one
may state:

— the stability zones may be bounded or not,
depending on the intersection of a parabola and two
semi-plans;

— the condition (41) may be seen as the
equation of a third semi-plan; hence the stability
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zones may be obtained as the intersection between a
parabola and three semi-plans;

— even if the intersection is not an empty set,
that is mathematically we may discuss about
possible stable zones, the solution may be
impossible from the physical point of view (the
angular velocities of the thermal engine or electrical
motors are too small or too large, negative distances,
the dimensions of the gears do not satisfy some
requirements etc.);

— a possible way to increase the zone of the
stable motion (or to create zones in which the
motion is stable if they do not exist) is to consider
that the thermal engine and the electrical motors
may have negative angular velocities (referring to
the senses considered in the paper). This thing may
hold true from the physical point of view if we
accept to introduce certain gear boxes at the entries
of the mechanism in order to reverse the sense of
rotation of the driving elements.

In a future work we will analyze the
influence of the configuration of the mechanism
upon the stability of the mechanism's motion.
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