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Abstract: This paper presents a complete study for the motion of an elliptic disk acted only by its own 
weight on a horizontal straight line. The study is performed using a multibody approach. The great 
challenge is to obtain the matrix of constraints. The study concludes with the case of the small 
oscillations of the elliptic disk around its position of stable equilibrium. The study can not be reduced to 
the case of the circular disk because of the singularities of the equation of motion. 
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1. INTRODUCTION 
 
 The problem of a disk rolling on a planar 
surface is a well known one. Scientists created 
different methods in order to solve it. All these 
methods consider that the disk has a circular [1, 2, 3] 
or a toroidal [1] shape. 
 In this paper we will consider an elliptic 
disk vibrating under the action of its own weight on 
a horizontal line. 
 The horizontal line is considered to be the 

11XO  axis of the fixed reference frame. In addition, 

the 11YO  axis of the same reference frame is 

considered to be vertically ascendant, the 11ZO  
resulting for a dextrorsum reference system. For 
such a system, the parametric representation of the 

11XO  axis is described by the equations [4] 

X , 0Y , 0Z . (1)
 For the elliptical disk we consider the 
obvious parametric representation 

 cosax ,  sinby , 0z , (2)
the equation of the ellipse being 

1
2

2

2

2
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b
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a

x
, (3)

where a  and b  are the semi-axes of the ellipse, 
ba  . 

 In the previous relations   and   are two 

parameters. 
 Further on, we will use the following 
notations: 
 – the column matrices  R ,  pR ,  sR  

   T0R ,    T01pR , (4)

   T00sR ; 

 – the column matrices  r ,  pr ,  sr  

   Tsincos  bar , 

   Tcossin  bapr , 

     rr  Tsincos bas ; 

(5)

 – the square matrix  U  

  






 


01

10
U ; (6)

 – the matrix of rotation 

    







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


cossin

sincos
φA , (7)

where   is the rotation angle about the Oz  axis, O  
being the center of the ellipse and also the origin of 
the mobile reference system rigidly linked to the 
ellipse. 
 
2. CONDITION OF TANGENCY 
 
 This condition reads 
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or 

      0T pp rφUR , (9)

that is 































cos

sin

cossin

sincos

0

1

b

a
 (10)

or, equivalently 
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  being a parameter. 

 Deriving the relation (9) with respect to 
time, we obtain 

          
      , 0T

TT





ps

pppp
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rφURrφR




 (12)

which leads to 
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(13)

 One gets the tangency condition in the 
following form 

 
  . 0sincoscossin

cossinsincos
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 (14)

 
3. CONTACT CONDITION 
 
 This condition has the expression 
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 By derivation with respect to time, one 
obtains 
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 It results the condition 
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4. CONDITION OF ROLLING WITHOUT 
SLIDING 
 
 This condition is defined by the relation 

       0rUR  
O , (18)

 
which leads to 

02222  pppp YXyx  , (19)

 
that is, 

 2222 cossin ba . (20)

 
5. MATRIX OF CONSTRAINTS 
 
 Recalling the previous conditions, the 
matrix of constraints reads 

 












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
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where 
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    
, cossinsincos

T
33





ba

b pp rφR
 (23)

     
, sincoscossin

T
34
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
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b sp rφUR
 (24)

      0T
35  psb rφUR , (25)

, sincos 2222

22
44




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yxb pp
 (26)

122
45  pp YXb . (27)

 
 The derivative of the matrix of constraints is 
given by 

 























4544

353433

23

13

000

00

0010

0001

bb

bbb

b

b







B , (28)

in which 
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6. EQUATION OF MOTION 
 
 With the aid of the notations 

   T
OO YXq , (36)
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

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one obtains the equation of motion 
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44
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where 

   T4321 λ , (39)

    ,00 TmgF  (40)

m  being the mass of the elliptic disk. 
 The scalar equations that correspond to the 
fourth and fifth lines of the system (38) are 

      022
4

T
3  ppsp yxrUR , (41)

      022
4

T
3  ppps YXrUR ; (42)

since the determinant of this algebraic system in 3 , 

4  is, in general, nonzero, it results 

043  . (43)
 Using the notations 

   T OO YXq , (44)

   T~ q , (45)

         









23

13

10

01~
b

b
rφUIB , (46)

 
     
      
  




































000

00

10

01

000

00
33

23

13

T
1 b

b

b

pp rR

rφUI

B , (47)

             

, 
00

00

00

00

4544

3534

2222

TT2













































bb

bb

YXyx pppp

pssp rURrUR
B

 (48)

 

















J

m

m

00

00

00

M , (49)

where 
 

4

22 bam
J


  (50)

is the inertial moment of the elliptic disk, the matrix 
equation of motion may be decomposed into the 
following system 
 

       





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

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21 , (52)

 
Since the matrix  M  is invertible one, it results 

the matrix equation 
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       . 
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7. SMALL OSCILLATIONS AROUND THE 
POSITION OF STABLE EQUILIBRIUM 
 

Due to the condition ba  , the stable 
equilibrium positions are characterized by the 
horizontality of the Ox  axis. In this situation we 
may consider 

2
900 

 ; (54)

it results 
 sin13 ab , (55)
 cos23 ab , (56)
 cos33 ab , (57)
 cos34 bb . (58)

035 b , (59)
bb 44  (60)
145 b . (61)

 coscos13
 bab , (62)

 sinsin23
 bab , (63)

 sinsin33
 bab , (64)

 sinsinsin34  bab , (65)

035 b , (66)

044 b  (67)

045 b . (68)



 

RJAV vol XIII issue 1/2016                                           19                                                        ISSN 1584-7284 

 The matrix 

         
  T1
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may be written as 
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J
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J

b

m
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the determinant of  Δ  being 

 




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





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
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J
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J

b
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2
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1
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The determinant is non-zero for cos 0  , that 

is, for a rotation angle different of 
2


 and 

2


 . 

These two angles correspond to the unstable 
equilibrium positions for which the Ox  axis is a 
vertical one, while the Oy  axis becomes a 

horizontal one. In these situation we may not have 
small oscillations. 

In conclusion, the determinant being a non-zero 
one for the equilibrium position, it results that the 
determinant does not vanish for an entire vicinity of 
the equilibrium position and, consequently, the 

matrix  Δ  is an invertible one on this vicinity. 

By linearization, the system (53) may be written 
in the form 

    EqD 






























2

1

 (72)

in which the matrix  D  has four lines and five 

columns, while the matrix  E  has four lines and 

one column. Both matrices  D  and  E  have 
constant entries. 
 
8. CONCLUSIONS 
 

This paper discusses the motion of an elliptic 
disk rolling without sliding on a horizontal straight 
line. The approach considered in this paper is a 
multibody one. 

We constructed the matrix of constraints taking 
into account the three conditions: the contact 
condition, the tangency condition, and the condition 
of rolling without sliding. The matrix of constraints 
is a complicated one having 4 lines and five 
columns. 

The small oscillations around the stable 
equilibrium position are also described. 

Let us observe that in this form the problem can 
not be particularized to the case of the circular disk. 
In this situation it would result that a circular disk 
with a small velocity around it equilibrium position 
would return to its equilibrium position after a 
period of time, which is impossible. Due to the 
absence of the rolling friction, the circular disk 
continues to move in the same sense on the 
horizontal line. 
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