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Abstract: - This is the first of two companion papers which collectively present the effect of rotary inertia 
on dynamic behavior of rectangular plates. To the best of author’s knowledge, no such comprehensive 
comparison has been presented. A finite element code based on first-order shear deformation theory (FSDT) 
is developed to analyse the free vibration behaviour of rectangular isotropic plates of uniform thickness. 
Plates having different aspect ratios (b/a) and boundary condition are analysed. The analysis is performed 
considering plate thickness ratio, h/a = 0.001 to 0.2 i.e. thin as well as sufficiently thick plates. The 
fundamental frequency in non-dimensional forms is calculated by considering rotary inertia and without 
considering rotary inertia. The present solutions are compared with existing literature wherever possible 
and excellent agreement in the results is seen. The present formulation is robust and capable of producing 
highly accurate solutions. The variation in fundamental frequencies calculated with- and without- rotary 
inertia is presented here in graphical form. It is seen that natural frequencies obtained without rotary inertia 
are generally higher than those obtained with rotary inertia. 
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1. INTRODUCTION 
 

Finite element method (FEM) is one of the most 
precise and multipurpose method having broad areas 
of application may it be structural mechanics 
problems, thermal problems or fluid flow problems 
[1]. FEM has come a long way since its modest 
beginning in 1960s. FEM is a widely used tool to 
study the static and dynamic behavior of plates & 
shells. Initially the Kirchoff’s hypothesis was applied 
to thin plates. But for thick plates continuity of 
displacement variables along element edges became 
a major concern. Subsequently, finite element codes 
were developed considering Reissner–Mindlin’s 
hypothesis to overcome the displacement continuity 
problem. By assuming the displacement in transverse 
direction (w) and normal rotations (θx and θy) as 
independent components the problem became easier. 
Further to make formulations more efficient the 
concept of isoparametric elements was developed 
wherein the same interpolation functions were used 
to describe the shape function and the displacement 

fields [2]. Since then several finite elements have 
been developed for analysis of thin and thick plates 
[3] [4] [5]. Tufoi et al. [6] has used the FEM to 
correlate the vibrations characteristic of a beam and 
plate, thereby proving a generalized solution for the 
dynamic problem. 

Due to the endless applications of plate structures, 
investigation of natural frequencies of these 
structures has been a major research area. Dynamic 
analysis of plates has received a lot of attention. 
Leissa [7], Liew et al. [8], Yamada and Irie [9] in 
their state of art reviews have made a detailed 
compilation of such works. Some experimental 
investigations has also been carried out on plate 
vibrations [10] [11]. However investigation on effect 
of rotary inertia on natural frequencies has been 
much fewer. This paper makes an attempt to address 
this issue. A brief FEM formulation is presented in 
the subsequent section. A FORTRAN FE code based 
on this formulation has been used to predict the 
natural frequencies of rectangular isotropic plates.  
The results obtained are presented in graphical form 
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and are critically analyzed. The conclusions drawn 
are presented in the final section of the paper. 

 
2. FINITE ELEMENT FORMULATION 
 

A finite element method using a 9 node 
isoparametric plate bending element (Fig. 1) is used 
for dynamic analysis of rectangular plates. The mid 
plane of the plate element is considered as the 
reference. In accordance with Mindlin’s hypothesis 
the perpendicular to the mid plane is considered to 
remain straight but not necessarily perpendicular after 
bending. Thus after bending the thickness is 
considered to have remained same but the 
displacement varies linearly through the thickness. 
The current method has been used by the author(s) for 
dynamic analysis of plates and the detailed 
formulation can be found in [12] [13] [14]. A brief 
overview of the formulation is presented in this 
section.  

 
Figure 1. A typical 9 node isoparametric plate bending 
element 
 

The Lagrangian interpolation function has been 
used for describing the shape functions (N1 – N9). 

N1= 	
஖஗

ସ
(ζ-1) (η-1) 

N2 = 
஖஗

ସ
(ζ+1) (η-1) 

N3 = 
஖஗

ସ
(ζ+1) (η+1) 

N4 = 
஖஗

ସ
(ζ-1) (η+1) 

N5 = 
ି஗	

ଶ
(ζ2-1) (η-1) 

N6 = 
ି஖	

ଶ
(ζ+1) (η2-1) 

N7 = 
ି஗	

ଶ
(ζ2-1) (η+1) 

N8 = 
ି஖	

ଶ
(ζ-1) (η2-1) 

N9 = (ζ2-1) (η2-1) 
Coordinate of any point (x, y) within the element 

is given in terms of nodal coordinates of rth point (xr , 
yr) as  
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Since this is an isoparametric element, within it the 
displacements at any point is also expressed in terms 
of interpolation functions used in Eqns. (1). 
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With respect to the reference plane the strain 
displacement relation are expressed as  
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The strain vector is expressed as,  
ሼߝሽ ൌ ∑ ሾܤሿ௥
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The virtual work method is used to derive the 
stiffness matrix of an element [K]e 
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J is determinant of Jacobian matrix. 

The consistent mass matrix is also derived in a 
similar manner 
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The equation of motion is 
ሾܭ଴ሿ ൌ ߱ଶሾܯ଴ሿ   (7) 

Here, [K0] and [M0] are overall stiffness matrix 
and mass matrix respectively. 
 
3. RESULTS & DISCUSSION  
 

Several cases of free vibration in uniform 
thickness isotropic rectangular plates are discussed 
here. The basic objective of the work is to study the 
effect of rotary inertia on natural frequencies. Thus 
two different types of mass lumping schemes are 
incorporated in the formulation- one by considering 
the rotary inertia (referred to here as LSWRI) and the 
other by without including the rotary term in the 
formulation (referred to here as LSWORI). 

 
3.1. Convergence study of uniform thickness 
isotropic plates 
 

Since the present work is based on developing an 
effective finite element code, validation and accuracy 
of the code is prime concern. To demonstrate the 
rapid convergence obtained by the current code and 
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its high degree of accuracy a few examples from 
literature are independently solved and compared. 
Square plates with thickness ratios (h/a= 0.001, 0.1 
and 0.2) are considered. The fundamental frequency 
is calculated by using the two lumping schemes-
LSWRI & LSWORI and presented in table 1. The 
current code converges at 18X18 mesh size and are 
compared with the published results of Liew et al. 
[15]. For all cases the deviation of current results 
from published results of Liew et al. [15] is less than 
1%. The percent variation (∆ߣଵ) between calculated 
results using rotary inertia and without using rotary 
inertia is tabulated. 

 

Table 1. Frequency parameters ߣ ൌ ሺ߱ܽଶ/ߎଶ	ሻඥ݄ߩ ⁄ܦ  of 
a CCSS square plate 

Thickness   
 ߣ

ratio (h/a) Source 

0.001 

LSWRI (10*10)  2.843 

LSWRI (12*12) 2.893 

LSWRI (16*16) 2.916 

LSWRI (18*18) 2.917 

LSWORI (10*10)  2.874 

LSWORI (12*12) 2.894 

LSWORI (16*16) 2.914 

LSWORI (18*18) 2.936 

 ଵ  0.654ߣ∆

Liew et al. [15] 2.933 

0.1 

LSWRI (10*10) 2.643 

LSWRI (12*12) 2.645 

LSWRI (16*16) 2.676 

LSWRI (18*18) 2.707 

LSWORI (10*10) 2.672 

LSWORI (12*12) 2.724 

LSWORI (16*16) 2.724 

LSWORI (18*18) 2.724 

 ଵ  1.573ߣ∆

Liew et al. [15] 2.702 

0.2 

LSWRI (10*10) 2.209 

LSWRI (12*12) 2.21 

LSWRI (16*16) 2.211 

LSWRI (18*18) 2.213 

LSWORI (10*10) 2.231 

LSWORI (12*12) 2.231 

LSWORI (16*16) 2.243 

LSWORI (18*18) 2.257 

 ଵ  1.943ߣ∆

Liew et al. [15] 2.265 

ଵߣ∆	 ଵ is calculated asߣ∆ * ൌ หߣଵሺ௅ௌௐைோூሻ െ  ଵሺ௅ௌௐோூሻหߣ

 
Figure 2. ∆ߣଵ vs. thickness ratio in CCCC plate 

 
Figure 3. ∆ߣଵ vs. thickness ratio in CFCF plate 

 
Figure 4. ∆ߣଵ vs. thickness ratio in CFCC plate 
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Figure 5. ∆ߣଵ vs. thickness ratio in SSSS plate 

 

 
Figure 6. ∆ߣଵ vs. thickness ratio in SFCC plate 

 
Figure 7. ∆ߣଵ vs. thickness ratio in CFCS plate 

 
Figure 8. ∆ߣଵ vs. thickness ratio in SFCS plate 

 

 
Figure 9. ∆ߣଵ vs. thickness ratio in CCSS plate 

 
Figure 10. ∆ߣଵ vs. thickness ratio in CFSS plate  
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Figure 11. ∆ߣଵ vs. thickness ratio in SFSS plate 

 
Figure 12. ∆ߣଵ vs. thickness ratio in SFCF plate 

 
Figure 13. ∆ߣଵ vs. thickness ratio in CSSS plate 

 
Figure 14. ∆ߣଵ vs. thickness ratio in CSCC plate 

 
Figure 15. ∆ߣଵ vs. thickness ratio in CSCS plate 

 
Figure 16. ∆ߣଵ vs. thickness ratio in FFCC plate 
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Figure 17. ∆ߣଵ vs. thickness ratio in FFCS plate 

 
Figure 18. ∆ߣଵ vs. thickness ratio in FFCF plate 

 
3.2. Effect of rotary inertia in uniform 
thickness isotropic plates 
 

To make the study rigorous and comprehensive 
isotropic rectangular plates with 17 different 
combinations of boundary conditions are presented 
here. The thickness ratios (h/a) is varied from 
0.001(thin plates) to 0.2 (thick plates) with 3 different 
aspect ratios (b/a = 1, 1.5 and 2.0). Poisson’s ratio is 
taken as 0.3. Thickness ratio (h/a) vs. percent 
variation in fundamental frequency calculated with 
and without rotary inertia are presented in Fig.2 - 
Fig.18.  

The aspect ratios, thickness ratios and boundary 
conditions have significant influence on the modes of 
vibration of rectangular plates. It is seen that in 
general as the thickness of the plates increases the 
percent variation between frequencies calculated by 
LSWRI & LSWORI increases. The variation in 

frequencies calculated by LSWRI & LSWORI at 
h/a=0.001 is negligible. Hence, vibration analysis of 
thin plates can be carried out without considering the 
rotary inertia terms and in turn some computational 
time can be saved. It is well known that natural 
frequency of rectangular plate increases with 
increasing aspect ratio, for all other parameters kept 
same. Interestingly, here it is seen that in all the cases 
variation in fundamental frequencies in square plate 
(b/a=1) is significantly higher than in the other 
rectangular plates (b/a=1.5 and 2.0). It is seen that the 
variation in fundamental frequency calculated by 
LSWRI & LSWORI is least in CCCC plate and most 
in FFCC plate i.e. as constraints are increased 
variation in LSWRI and LSWORI becomes less. 
When higher constraints are applied, the flexural 
rigidity of the plate increases which results in higher 
frequency. Thus a CCCC plate (i.e. all sides clamped) 
will always have higher frequency than SSSS plate 
(i.e. all sides simply supported), which in turn will 
have higher response than an all side free plate 
(FFFF).  
 
4. CONCLUSIONS 
 

Based on the current investigation the following 
inferences can be drawn: 
 For dynamic analysis of thick plate, the effect of 

rotary inertia should always be considered, 
otherwise it will lead to over-estimation of 
frequency. 

 For thin plate dynamic analysis by neglecting the 
rotary inertia some computational time can be 
saved and still acceptable solution can be 
obtained. 

 For all other parameters kept rotary inertia will 
have more significant effect on square plate as 
compared to rectangular plates (b/a=1.5 and 2.0).  

 
SYMBOLS USED 
 
[B]    Strain displacement matrix 
[D]    Rigidity matrix 
[K]    Global stiffness matrix 
[N]    Shape function 
[N0]    Null matrix 
 Consistent mass matrix    [ܯ]
 Jacobian matrix      |ܬ|
[Nr]    Interpolation function of the rth point 
[K0]    Overall stiffness matrix 
[M0]    Overall Mass matrix 
w     Transverse displacement 
θx θy    Total rotations in bending 
E     Modulus of elasticity 
G     Modulus of rigidity 
ν     Poisson’s ratio 
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h     Thickness of plate 
a, b     Plate dimensions 
D     Flexural rigidity 
ω     Natural frequency 
 y   Average shear rotation߶	ݔ߶
 ௬   Total rotation in bendingߠ	௫ߠ
 Stress vector    {ߪ}
 Strain vector    {ߝ}
 Bending moments in x and y direction  ݕܯ ,ݔܯ
 Twisting moment    ݕݔܯ
QxQy   Transverse shear forces 
,ߦ  Natural coordinates    ߟ
 Density     ߩ
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