Rotary Inertia Effect in Isotropic Plates Part II: Taper Thickness
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Abstract: : - This is the second of two companion papers which collectively present the effect of rotary
inertia on dynamic behavior of rectangular plates. The first part of the two part paper deals with effect of
rotary inertia in uniformly thick plates, whereas this part focuses on rotary inertia effect in plates with
uniformly varying thickness. A generalized FE code based on FSDT is developed to analyse the free
vibration behavior. Plates having different aspect ratio (b/a), taper ratio (d,) and different boundary
conditions are analyzed by the nine node isoparametric element. The analysis is performed considering

plate thickness ratio varying from h/a = 0.001 to 0.1 i.e. thin as well as sufficiently thick plates.
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1. INTRODUCTION

Due to the ability to be manufactured in diverse
geometries and ability to withstand various loading
conditions, plates and shells structures have very wide
applications in shipping industry, aircraft industry,
construction industry etc. Often plates are used as
important structural elements, for example a bridge
deck or a floor of building. It then becomes a
necessity to understand the dynamic behavior of the
plate to resonance. Hundreds of researches has been
carried so far to develop new methods as well as
understand the dynamic analysis of such plate
structures. Kienzler et al. [1] has made a detailed
compilation on the various theories developed for
analysis of plates and shells. Caliri et al. [2] have
made a similar attempt to compile the various theories
on plates and shells. They have also provided a
commentary on various solution methods. Yamada &
Irie [3], Sayyad & Ghugal [4], Banerjee & Mazumdar
[5] and many others have meticulously curated
several researches on free vibration analysis of plates
and shells. These works provide a good overview of
the development in theories and solving techniques in
the field of dynamic analysis of plates.

Though the literature available on free vibration of

rectangular plates is vast, work done considering

taper plates is limited. Bert and Malik [6] used
differential quadrature method to find out the natural
frequencies of tapered rectangular plates having two
opposite edges simply supported. Cheung and Zhou
[7] considered the free vibrations of a wide range of
non-uniform rectangular plates in one or two
directions. Singhatanadgid & Taranajetsada [8] used
the Kantorovich method to study free vibration in
rectangular stepped plates. Khanna and Singhal [9]
used the Rayleigh Ritz method study bilinear taper
plate vibrations. They had also studied the effect of
temperature variations on taper plates [10]. They
have further extended their work to study of tapered
visco-elastic plates [11]. Some other very important
work related to free vibration analysis of taper plate
are of Cheung and Zhou [12], Zhou [13], Cheung et
al. [14], Manna [15] [16].

Literature relating to taper thickness plates is very
limited. Further the authors were unable to find any
published literature in English which makes a
comparison between the natural frequencies
calculated by considering rotary inertia and without
rotary inertia. This uniqueness of the paper is that it
makes an attempt to address this issue. A FORTRAN
code is developed based on the FEM formulation
presented in the part I of this two part paper. The
results obtained has been presented in graphical form
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to bring out the effect of rotary inertia on natural
frequency of taper plates.
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Figure 1. Rectangular taper plate considered in the study

2. PROBLEM DEFINITION

Figure 1 shows a linearly taper rectangular plate
considered in the study. The plate with length &
width as a x b respectively is taper along x-direction
such that its thickness is h at x=0 and increases
linearly to h, at x=a. Thus, the taper ratio is defined
ashy = h(1+6,).

The plate is assumed to be isotropic and
homogenous. Since this work attempts to study the
frequency variations in isotropic plate with respect to
boundary conditions, aspect ratio, thickness ratio and
taper ratio, the elastic moduli is so adjusted that it
depends on thickness and the resulting frequency is

obtained in non-dimensional form. Thus, the

calculated frequency are presented in non-

dimensional ~ form, 1= wh?/ph/C, where
Eh®

0™ 12(1-v2)

The boundary conditions are denoted at each edge
as simply-supported (S) or clamped (C) or free (F).
For example- CSFC means a rectangular plate with
edge at x=0 clamped, edge at x=a simply supported,
edge at y=0 is free and at y=>b edge is clamped. In the
formulation it is achieved by usingw = 6, = 0, =
0 for clamp conditions and w # 0,6, # 0, 6, # 0
for free conditions. For simple supports at boundary
line parallel to x-axis w = 6, = 0 is used and for
simple supports at boundary line parallel to y-axis
w = 6, =0 is used.

3. RESULTS & DISCUSSION

In this section dynamic analysis of rectangular
taper plates is carried out. First a mesh convergence
test is carried out and then the results are validated by
comparing with some cases in existing literature.
Mesh division is designated as (m*n) if the plate is
divided into “m” equal divisions along the x-direction
and “n” equal divisions along the y-direction. For ex-
LSWRI (12*12) means lumping scheme considering
rotary inertia is used to compute the results.

3.1. Convergence study of linearly varying
thickness isotropic plates

A rectangular plate with linearly varying thickness
with SSSS boundary is analyzed. Both the mass
lumping schemes described in Part I are used here at
various mesh discretization. Thickness ratio and taper
ratio of 0.01 and 0.5 used here are respectively at
varied aspect ratios. The fundamental frequencies are
obtained and presented in table 1 and compared with
published literature to depict the accuracy of the
formulation. The percent error of the LSWRI (18*18)
as compared to published result is also presented.
Excellent convergence is seen, and all the results
contain less than 1% error.

Table 1. Frequency parameters 1 = wb?\/ph/C, ofa
simply supported taper plate.
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Aspect
ratio Source
(b/a) A
LSWRI (10*10) 24.550
LSWRI (12*12) 24.550
LSWRI (16*16) 24.551
LSWRI (18*18) 24.552
LSWORI (10*10) 24.553
1 LSWORI (12*12) 24.553
LSWORI (16*16) 24.554
LSWORI (18*18) 24.555
ANy 0.013
Manna [16] 24.543
% Error 0.035
LSWRI (10*10) 61.187
LSWRI (12*12) 61.193
LSWRI (16*16) 61.199
LSWRI (18*18) 61.201
LSWORI (10*10) 61.192
2 LSWORI (12*12) 61.198
LSWORI (16*16) 61.204
LSWORI (18*18) 61.206
ALy 0.008
Manna [16] 61.186
% Error 0.025
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* A, is calculated as Ad; = |Al(LSW0RI) - /11(LSWR1)|

3.2. Effect of rotary inertia on taper thickness
isotropic plates

In this section taper rectangular isotropic plates
with 7 different sets of boundary conditions (CCCC,
SSCC, SSSS etc.) and thickness ratios (h/a)
0.001(very thin plates), 0.01(thin plates) and
0.1 (moderately thick plates) with 4 different aspect
ratios (b/a= 0.5, 1, 1.5 and 2) have been analyzed by
the proposed element. Poisson’s ratio is taken as 0.3.
Several plots on thickness ratio (h/a) vs. percent
variation in fundamental frequency calculated
with and without rotary inertia (A4;) is shown in
Figure 2-15.
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Figure 2. A4, vs. h/a in SSSS taper plate at §,= 0.25
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Figure 3. A4, vs. h/a in SSSS taper plate at §,= 0.75
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Figure 4. A4, vs. h/a in CFSS taper plate at §,= 0.25
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Figure 5. AA; vs. h/a in CFSS taper plate at §,= 0.75
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Figure 6. AA; h/a in CCSS taper plate at §,= 0.25
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Figure 7. A, h/a in CCSS taper plate at §,= 0.75
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Figure 8. AA; h/a in SSSC taper plate at §,= 0.25
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Figure 9. AA; h/a in SSSC taper plate at §,= 0.75
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Figure 10. A4, h/a in SSCC taper plate at §,= 0.25
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Figure 11. A, h/a in SSCC taper plate at §,= 0.75
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Figure 12. A1, vs. h/a in CCCC taper plate at §,= 0.25
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Figure 13. A1, vs. h/a in CCCC taper plate at §,= 0.75
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Figure 14. AA, vs. h/a in FCFF taper plate at §,= 0.25
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Figure 15. A4, vs. h/a in FCFF taper plate at §,= 0.75

In all the cases (Fig. 2- Fig. 15) it is observed that
trend of AA4 (the variation in calculated fundamental
frequency with the two different lumping methods)
with respect to thickness ratio is similar. As expected
A, is negligible in thin plates but very prominent in
moderately thick plates. It is also observed that the b/a
ratio has significant effect on A4;. As b/a increases,
A, decreases. However we know that in general for
all other parameters kept same as b/a increases the A,
(fundamental frequency) or any other natural
frequency also increases monotonically. The taper
ratio (8, ) has minimal effect on A4,. A slight increase
in A4 as is seen as §, increases. Least increase in
AA;with respect to increase in §, is seen in CCCC
plate and most increase is seen for FCFF plate i.e. as
constraints are increased, the variation in LSWRI and
LSWORI becomes less. This is because as higher
constraints are applied, the flexural rigidity of the
plate increases.

4. CONCLUSIONS

In this two part paper a generalized FSDT is
incorporated in a finite element formulation using a 9
node isoparametric plate bending element to
successfully highlight the effect of rotary inertia on
fundamental frequency. By considering different
mesh divisions (10*10, 12*12, 16*16 and 18*18) a
comparative study of present results with those of
earlier investigators shows the rapid convergence
characteristics and accuracy of the present element
for very thin to thick plates.
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