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Abstract: - In this paper are analyzed the forced vibrations of a rectangular shell between fixed supports.
The system has clearances between the shell and supports. The vibrations are studied considering the
following possibilities: the elastic elements do not intervene in the equations of motion, and the elastic
elements intervene in the equations of motion. Each end of the shell may be acted by a linear elastic element
or a nonlinear neo-Hookean one. The equilibrium positions and their stability are determined.

Keywords: - nonlinear, stability, clearance, neo-Hookean, collision

1. INTRODUCTION

The collisions of rigid bodies, the influence of
these collisions upon the motion of the rigid bodies,
as well as nonlinear motions of the rigid bodies are
intense studied fields of research.

Zhai and Ding (2013) studied the oblique collision
between two rigid bodies for which the contact
surfaces are two planes. They highlighted the
existence of the single collision period-# motion, and
established the conditions for the stability of the
single collision periodic motion. Gharib and Ghani
(2013) focused on the outcome of studying the free
vibration of a single degree of freedom system with
Linear Particle Chain (LPC) impact damper,
purposing and validating a new LPC impact damper
by numerical simulation. The collision between a
rotating beam and a particle is analyzed in Lim et al.
(2007), using a linear hybrid deformation modeling
method with Kane’s method to derive the equations
of motion. Koo and Choi (2012) presented a new
theoretical method to predict and evaluate collision-
induced derailments of rolling stock by using a
simplified wheelset model. Lahiri and Santos (2013)
discussed the collision between a horizontal shaft,
partially levitated by a passive magnetic bearing, and
its stator. The contact and collision between the cam
and the follower using a single degree of freedom
mechanical system is analyzed by Sundar et al.
(2013). Dupac and Marghitu (2006) considered a
slider-crank mechanism with a flexible rod and
impact, for which they highlighted the non-linear
dynamics and its chaotic behavior. Brake (2013)
discussed five different types of contact model
showing that the contact model has a significant
effect on predictions of stability, wear calculations,
response severity, the extent of the frequency range
of the response, and the number and size of peaks in
the frequency response. Wagg (2007) included the

effects of the modal vibration by using energy
balance techniques for an arbitrary contact interval,
and demonstrated that increasing contact duration and
excitation of higher modes can reduce the effective
value of the coefficient of restitution. The theory is
applied to a cantilever beam impacting a constraint.
Dynamics of a Jeffcott-rotor having intermittent
contact with a stator is investigated by Popprath and
Ecker (2007). The same problem of rotor-stator
contact is analyzed by Lahriri et al. (2012).

Shock wvibration control by using active
momentum exchange impact damper is studied
theoretically by Son et al. (2008) and by simulation
and experimentally by Son et al. (2010). They used a
one-degree-of freedom system as controlled object,
the controller being designed with the aid of the linear
quadratic regulator optimal control theory. The
analysis and control of rigid-body mechanical system
with clearance, unilateral constraints and impacts is
performed by Mata-Jiménez and Brogliato (2003).
Hu et al. (2003) realized theoretical and experimental
studies for the longitudinal impacts of an elastic rods
proving that a simulation combining both
elastodynamics and rigid-body dynamics can be used
for modeling longitudinal impacts. Stick-slip and
backlash phenomena in machines and mechanisms
are discussed by Wosle and Pfeiffer (1996) using
multibody systems with time-varying topology, with
dependent constraints and planar friction. Based on
the Lyapunov exponents, Schmidt and Lamarque
(2008) introduced the indicator of tangent variation
proving the existence of the grazing bifurcation in the
case of an impact oscillator. A two-degrees-of-
freedom mechanical system with friction and
damping, for which corresponds a five dimensional
dynamical system was considered by Svahn and
Dankowicz (2008). The authors proved the
persistence of the local attractor in the near-grazing
dynamics of the studied system, and established the
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sufficient conditions for the asymptotic stability of a
particular grazing trajectory, and for the persistence
of a local attractor. Ding and Chen (2001) studied the
collisions between the rotor and the stator integrating
the partial differential equations of motion by a finite
difference scheme proving that the instability of
motion in rub events could lead to structural shaft
failure. A similar model of rotor with bearing is
investigated by Ishida and Inoue (2008), modeling the
contact and friction forces, and studying the vibration
characteristics. Duan and Chen (2011) studied the
particle dampers using discrete element method
(DEM) and variable coefficient of restitution proving
that the loss power increases when the dimensions of
the particles increase. Moreover, below a critical
point of the acceleration, the particle damper does not
dissipate energy, while over this critical value the
energy dissipation is direct proportional with the
product between the amplitude and pulsation. The
properties of the particle dampers in a two-degrees-
of-freedom mechanical system are investigated by Lu
et al. (2010). Using the constitutive model of the
viscoelastic body with fractional derivatives of stress
and strain, restrictions on the coefficients that follow
from Clausius—Duhem inequality, and the Coulomb
friction law, Grahovac and Spasic (2014) analyzed
the a mechanical system consisting in a block moving
along a line on a dry surface, impinges against
another block being at rest, through a deformable
straight rod of negligible mass. They obtained set-
valued fractional differential equations, which lead to
an equivalent Cauchy problem having 11 scripts, but
only 10 of them being feasible. Zhang et al. (2006)
studied the running of a quadruped robot considering
the collision between the legs and the ground and
showing the energy loss of the system. The discrete
impacts in legged motion are also investigated by
Bergés and Bowling (2006), using a non-zero
coefficient of restitution. Using a rigid joint and
nonholonomic  constraints, Barhorst (2008a),
Barhorst (2008b), Barhorst (2009), and Foster et al.
(2009) studied a model of the frictional
contact/impact of a loose bolted joint between two
sections of a cantilever beam undergoing planar
slewing motion. The effects of mass ratio, clearance
and excitation amplitude on system dynamics and
impact vibration absorber are experimentally studied
in the cases of free and forced vibrations by Ekwaro-
Osire and Desen (2001), deducing the optimum
system parameters so that the vibration absorption
and absorber efficiency are the greatest. Pacheco and
Steffen (2002) transform the differential equations
into algebraic ones to determine the unknown
parameters, and numerically and experimentally test
different orthogonal functions for the identification

and sensitivity analysis of different mechanical
systems.

The advantages of buffered impact damper for
vibration control are highlighted by Li and Darby
(2006). The cam-follower impacts are investigated by
Alzate et al. (2007), while the impacts in revolute
joints are studied by Muvengei et al. (2013). The
impact with rolling friction between a rigid body and
a rough surface is studied by Marghitu and Stoenescu
(2007), highlighting the energy dissipated during the
collision. Marghitu and Cojocaru (2014) numerically
and experimentally investigated the collision of an
open two-link chain. The impact in flexible
multibody dynamics is analyzed by Escalona et al.
(2002) discussing the use of the restitution condition
in flexible multibody impact problems. An extension
of the hybrid scheme for rigid multibody systems for
flexible multibody systems is described by Bhalerao
and Anderson (2010). A complete review of random
vibrations is presented by Dimentberg and
Iourtchenko (2004). Olsson (2006) studied the
vibration isolation of an engine performing the design
of a MIMO (multi-input multi-output) controller.
Design of the automotive suspension systems, using
multi-objective programming and theory of robust
design is performed by Gobbi et al. (2006).

The author studied the dynamics of an engine with
neo-Hookean suspension (Stanescu and Popa, 2013)
or quadratic suspension (Stinescu and Popa, 2014).
The study of the rigid body collision using inertances
can be found in Pandrea and Stanescu (2014). This
approach will be used in the present paper.

The paper is organized as follows. In the second
paragraph is described the mechanical model. In the
next three parts are discussed the equilibrium
positions, their stability, and described the small
oscillations around the equilibrium position. The
sixth paragraph is dedicated to the equations of
motion. The paper ends with conclusions.

2. MECHANICAL MODEL

We consider the mechanical model for the study
captured in Fig. 1. The system consists in a
rectangular shell A4, 4,4,4, of mass m and

dimensions 4,4, = 2a, and 44, =2b. At the
points 4, the shell is acted by the linear springs D, 4,
with the ends D, linked to the fixed frame, and the
free ends 4;, i = 1,_4; the shell is also acted by the
neo-Hookean springs B, 4, having the fixed ends B;,
and the free ones A4, . The vibrations of the shell are
limited by the fixed, rigid limiters E,, i = 1,4 . One
knows the distances B,D; = L, the free lengths of the
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linear, and neo-Hookean springs /,

respectively, and the distances D.E;, = L,, i =1,
The following relations
L+ <L, (1)
L, <, (2)
hold true.
In addition, the thickness of the shell is negligible.
The linear springs are identical, and their common
stiftness is denoted by £, .

The neo-Hookean springs are also identical; the
elastic force in this kind of springs has the expression

Far =335, G

where A is the ratio between the lengths of the neo-
Hookean spring in the deformed, and non-deformed
status, respectively, while & is a positive constant.
The minus sign in front of & in the last formula is
chosen so that, for A € (0,1) , the elastic force in the

spring has positive values, according to the reference
system of axes drawn in Fig. 1.

The weights of the springs are negligible.

The system has three degrees of freedom: the
displacement in the vertical direction z of the center

For a point 4,, i = 1,4, the following situations

may appear:

— the node is acted by the neo-Hookean
spring (the point 4 );

— the node is free; no spring acts it (the point
45);

— the node is in contact with the fixed, rigid
limiter (the point A; );

— the node is acted by the linear spring (the
point A4} ).

3. THE EQUILIBRIUM POSITIONS OF THE
FREE SHELL

We denote the distance C,C by z (Fig. 2). The
lengths of the neo-Hookean springs B A/, i =1,4

Y o s o

read
BA =z—ay—-b0, B4, =z+ay —bo,
BAy =z+ay+b0, By, =z—ay +bo. @)
The theorems of momentum and moment of
momentum, written for the 4, 4,44, shell, offer
R+E+FK+F =mg, (%)

of weight C, and the rotations y, and 6, about the and
axes Cx, and Cy, respectively. We consider that the Fa+ Fa=F,a+ Fa,
: _ (6)
angles y and 0 are sufficiently small. Eb+ Fb=Fb+Fb,
The shell is acted by the vertical force F, , and the respectively. The relations (6) lead to
moments M and M . I =5, F=F. (7
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Figure 1. Mechanical system.
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Figure 2. Dynamics of the shell.

Taking into account the expressions (3) and (7),
one gets

z—ay-b0 L
L (z — ay — bO)
z+ay+b0 L ®
- L (z + ay + bOY
z+ay-bo L
L (z + ay — bO)
z-ay+b0 L ©
- L (z — ay + b0’
wherefrom
2(ay + b0)
Ll
_ —42z(ay + b0) ’ (19)
- [(z = ay — bO)z + ay + O}~
2(ay — b6)
Ll
(11)

_ — 42z(ay — b0)
[(z + ay = bO)z — ay + BO)

The system consisting in the equations (10) and
(11) takes the form

ay+b0 =0, ay —b0 =0, (12)
with the solution yw =0, 6 = 0.
The equation (5) becomes now
—&Jr 4L =mg (13)
L z? ’

wherefrom

flz)= —1—1{23 —mgz® + 4kL} = 0. (14)
1
Applying the Descartes theorem (Teodorescu et
al., 2013) to the equation (14), we may state that this
equation has only one positive root. In addition,
£(0)=4kL? >0, f(L)=-mgl> <0; hence, the
positive root is situated between z = 0 and z = L, .
Concluding the above discussion, we state that
there exists only one equilibrium position
characterized by v = 0, 6 = 0, while z is given by
the only positive root of the equation (14).

4. STABILITY OF THE EQUILIBRIUM
POSITION

The moving equations around the equilibrium
positions read

mz=HF+F, +F+F, —mg, (15)
J = (F, + Fa—(F +F,a, (16)
JO=(F+Fp-(F+Fpb, (17)

in which J, J are the central principal moments of
inertia with respect to the axes Cx and Cy, while F;,
i = 1,_4, are the elastic forces in the neo-Hookean

springs.

The relations (15)—(17) become now
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La right-hand expressions (21), for the equilibrium

= T k position of the mechanical system, we have
{ ! ' ! Ju =1, jos =1, jie =1,
X - . (19) , k(4 8L
z+ay -b0)  (z+ay +boY J =——(—+— <0
(z +ay - b6)  (z+ay +b0) i (22)
1 1
- - , . 8L2a’k . 8Lb%k
(z—a\y—be)z (Z—Cl\Jr/+be)2i| Js2 =~ Jlé% <O’~]63:_ JI&IB <0’
x y
.. I?p — -
OZ#k the rest of j,,, k = 1,6, 1 = 1,6, being zero.
g One obtains the characteristic equation
1 1 -2 0 0 1 0 0
X + . 20
{(Z+a\|f+b9)2 (z — ay + bOY 20 0 -2 0 0 1 0
1 1 0 0 -2 0 0 1] 0 -
(z—ay —bOY  (z+ay -0y | ju 0 0 —=» 0 Of 23)
DenOting él =2z, &2 =V, g} :ea &4 225 0 j52 0 0 -2 0
Es =V, & = 0, the system of the equations (18)— 0 0 Jjsg O 0 -2
(20) transform in a six nonlinear ordinary first order =~ wherefrom
differential equations system,_that is ( Jau — W )( Jsy — A2 X Jes — kz) =0. (24)
& =&, =13, Taking into account that j,, <0, j;, <0, and
£, ——g— k Jes < 0, it results that the roots of the characteristic
! m equation read
X {42;1 Lz{ 1 7“1,2 = tiy— Jar 7“3,4 = ii\/_ Jsa 25)
-7 —h . -
L, ((tvl —at, — b&; )2 7“5,6 = 11— J& »
1 where A is the complex rate of growth, while i is the
+ (él + at, — bE, )2 imaginary unit.
| The condition j,, = js;, leads to
+ ma’
(&1 +ag, + b, )2 & = ZL%(J_ - lj . (26)
+ ! - }} Recalling that 0 <& < L, it results the
(& — a&, + bE,) inequalities
2
& = @k 1 21) 2ma <J, <ma. (27)
Jo (& + gy - bE,F y
] From the equation (14) we find
+ ) 2.2 2 2
(& + ag, + bE,) 12k2 + SKEATm ol 9] (2
1 7 8L 7
1 1 X X
- - > Let be the function
(& —ag, b8, ] (& - ag, + bE, )2} g) o
. I 1 () = 12413 + =222
S =——k 2 u
J, (& +at, +bE,) — (29)
B T - met4 1]
& —ag, +bg
1 ? ’ for which
- 1 7~ 1 z:l' o 2 = (24k — mg)12 30
(& —a& —b8) (& +ag, ~ bEy) me)Li, (30)
Denoting by j,, the partial derivatives a(m az) = 20kL? > 0, 31)

Ju =0/, /0, , where f, are the functions of the
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(32)

The equation g'(u) = 0 has the solution

ma*

3
3mgﬁ+l

. (33)
12k

For p < p the function g(u) is strictly increasing,

while for p > p the function g(p) is a strictly

decreasing one. It results that the existence of a single

root of the equation g(p) = 0, situated between

2ma*
and ma?

is possible if and only if

2
g(z”;" j < 0, that is,

k<mg

24

(34)

Analogically, we may discuss the case j,; = jg;
obtaining the same conditions (27) (written for J,

and b) and (34).
If js, = Jje, then it results the condition

J.

Further on, we will assume that neither the
conditions (34) nor (35) is fulfilled; it results that the
solutions (25) are distinct, pure imaginary and,
consequently, the equilibrium position is a simply
stable one.

5. THE SMALL OSCILLATIONS AROUND
THE EQUILIBRIUM POSITION

These oscillations are described by the
relations

z=1z,+4 cos( — j41t)+ A, sin( - j41t), (36)
y =B cos( - j52Z)+ B, sin( - jszt), 37
0 = C cosly= jut)+ G sinly= jt),  38)

where z,, stands for the equilibrium value of z,

q
while 4., B;, and C,, i = 1,_2, are constants of

integration which are determined from the initial
conditions.

6. THE EQUATIONS OF MOTION

The shell is acted at the points 4, , by the forces
F;, which can be:
— the forces given by the neo-Hookean
springs if A'B; < L, ;
— the forces given by the linear springs if
L —AB; <I;
— forces equal to zero in the rest of cases.

The shell is also acted by its own weight.
Using the Heaviside function

@(W): {01fw< 0,

39
1 otherwise, (39)

we may write that at the point 4; the shell is acted by
the force

2
SV

1 Z ,i=14. (40
—k(l, +z -L)O +z - L).
The moving equations read

4
mi =) R —mg+F,, (41)

i=1
J=(R, +R, —R —R)a+M,, (42)
JO=(R +R -R -Rp+M, (43)

in which z,, i = 1,_4 , are given by the relations (4).
The equations (41)—(43) hold true only if no
collision takes place in the system.
According to Pandrea et al. (2000) the expressions
of the force F, and moments M  and M, may be

considered as

F() = F, [t + cos(2wz)], (44)
Mx(t) =M, [1 + cos(ooxt) , (45)
M,(t) = M, coslo). (46)

where F. , M

zp R

M,

v O, O, O are constant

values.
If, at any point 4, , the shell collides to any fixed

support, then we follow Pandrea and Stanescu (2015).
We denote
- {V} — the vector of velocities after the

collision
{V} = [cox 0, 0, Vv, Vv, vZ]T; (47)
- {VO} — the vector of velocities before the
collision
Woh= o @ o2 v0 v vl (48)
— {u,} — the unit vector of the normal to the
surface of shell, at the point 4, ,

fut=001],i=14;

(49)
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-a;,b,c,and d,, e, f,
onto the mobile axes of the normal n = k, and the
vector OA,; x n, respectively,

— the components

n=k,n}=0001],
i jk
OA; xn =\x; y; 0= yi—xJ, (50)
0 01
oA, xnj=[y, —x 0of,
a,=0,b=0,¢=1,d, =y, e =-x,
1 €2
fi=0,i=14;
— {N,} — the matrix
{Ni}z[ai b c; d; e fi]T:i=1»_4; (52)

— g, — the inertance of the shell relative to
the point 4, ,
1 d e  f

g =—+ + 4=+ =
m J.oJ, J
i=14, (53)
Lo X
A
— r — the coefficient of restitution,
considered to be the same at all points 4;, i = 1,_4;
— [n] - the matrix
[(000100]
000010
000001}
=1\ 5 0000f (>4)
010000
100100 0]
— v? — the velocity onto the direction of the
normal
v = {Ni}T[ﬂ]{Vlo} =V, + 0. — 0, (55)
i=14;
— P —the impulses
_ (b
P = . ,i=14; (56)
— [M] — the matrix
[0 0 0 m 0 O]
0 0 00mO
[M]ZOOOOOm 57)
J, 0 0000
0J, 0000
100 J, 00 0]

It results the expression of the vector {V} after the
collision

4
b= b= 2 nMT N, (58)
=1
where 9§, is the functlon
8[
(59)

_JLif thereis collision at the support £, ,
B 0, otherwise.

The expression of 6, may be also written as
5 _ {1,1le =z +1L,,

60
0, otherwise. (60)

7. CONCLUSIONS

This paper introduced a mechanical system
consisting in a shell with three degrees of freedom,
for which its apices move in some clearances, the
shell being acted by its own weight, and three
harmonic excitations. The apices may be acted or not
by linear or neo-Hookean springs, depending on their
positions in vertical directions.

The equations of motion are highly nonlinear ones
because of the clearances and the action of the neo-
Hookean springs.

The existence and uniqueness of the equilibrium
position as well its stability are also studied. In
addition, the small oscillations around the
equilibrium position are presented.
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